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Introduction.

This paper gives a survey of the remarkable results on S-unit equa-

tions and their applications which have been obtained, mainly in the
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last five years. It is impossible to cover all applications within the scope
of this paper, but the wide range of applications illustrates how funda-
mental these developments are. The developments are still going on and
several of the mentioned results are new.

In §1 we introduce notation which will be used throughout the pa-
per. In §§2-5 five theorems on S-unit equations are treated. The Main
Theorem on S-Unit Equations (Theorem 1), which deals with general
S-unit equations

zo+z1+...4+ 2, =0 in S-units zo,21,...,Zn, (0.1)

is stated in §2 and its deduction from the Subspace Theorem is sketched
in §4. Theorem 1’ is a version of Theorem 1 dealing with arbitrary finitely
generated multiplicative subgroups of C\{0}. Theorems 2-5 stated in
§3 deal with S-unit equations in two variables,

o121 + az2 =1 in S-units 73, z2 (0.2)

where a; and a; are constants. Theorem 2 gives an upper bound for the
number of solutions of (0.2). A proof of it, this time not derived from
the theory of hypergeometric functions, but from a variant of Roth’s
theorem, is given in §4. Theorem 3 was proved during the conference
in Durham. It says that apart from finitely many equivalence classes
of equations only, equation (0.2) has at most two solutions. Its proof
is sketched in §5. Theorems 1-3 are ineffective and hence the methods
do not yield upper bounds for the sizes of the solutions. In contrast,
Theorems 4 and 5 are effective. They are based on Baker’s method
concerning linear forms in logarithms of algebraic numbers. Theorem 4
gives an upper bound for the sizes of the solutions of (0.2). Theorem
5, which is new, is an effective, but weaker version of Theorem 3. The
proofs of Theorems 4 and 5 in the rational case are given in §5. The
formulations of Theorems 1-5 in the case of rational integers are given
as Corollaries 1.3 and 2-5. Both §5 and §6 deal with rational integers
and can be read independently of the rest of the paper. They are meant
for those readers who want to understand and apply the results on S-unit
equations for rational integers only.

In §§6-9 applications of Theorems 1-5 are given which are more
or less straightforward. Theorems 6 and 7 in §6 are new. Theorem 7
resolves a conjecture of D. Newman on the number of representations of
an integer in the form 2%3# 427+ 3% where a, 3, v and § are non-negative
integers. Theorem 8 in §7 is also new. It gives a result on groups which
has been applied in the study of ellipticity problems in group theory.
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Theorem 9 in §8 is an extension of a result of Evertse [20]. It implies
several known results on recurrence sequences as is shown in §§8, 9.

The more classical applications of S-unit equations are mentioned
in §§10-12. There is a strong connection between the theory of S-unit
equations and the theory of decomposable form equations (which covers
the Thue-Mahler equations). The two theories are in fact equivalent (cf.
§11). Siegel proved the finiteness of the number of solutions of unit equa-
tions in two variables via Thue equations. The opposite approach has
also proved applicable, even for decomposable form equations in more
than two unknowns. There are several consequences of unit equations
which can be deduced via complicated systems of unit equations. All
these results can be proved by using the same “intermediate” results,
Theorems 10 and 11, which are applications of Theorems 4 and 2 and
are presented in §10. The versions of Theorems 10 and 11 presented
here had only appeared in Hungarian [42] before. These results are im-
provements of results in Gydry [35]. Theorem 12 in §10 is an application
of Theorem 11 to irreducibility of polynomials. Theorems 13-15 in §11
provide general finiteness results for decomposable form equations which
imply several known results on Thue equations, Thue-Mahler equations,
norm form equations, discriminant form equations and index form equa-
tions. Theorems 16-18 in §12 give finiteness results for algebraic integers
and polynomials with a given non-zero discriminant. They have many
applications in algebraic number theory.

Finally, in §13, a remarkable application of the Main Theorem on
S-unit Equations to algebraic independence of function values due to
Nishioka [60, 61] is mentioned. Nishioka solved in this way a conjecture
of D. W. Masser and a more general problem which had been open for
several years.

For more information on S-unit equations and their applications,
see [25], [36], [51] and [77].

The authors thank the organisers of the conference in Durham, A.
Baker and R. C. Mason, for the excellent opportunity offered to the
authors to discuss mathematics and to work together. They further
thank F. Beukers and P. Erdds for valuable discussions and Lianxiang
Wang for remarks on an early draft of the paper.

§1. Notation and simple observations

The notation introduced in this paragraph will be used throughout
the paper without further mention. Let K be an algebraic number field
with ring of integers O. Let d, h K, Tk and Ry denote the degree, class
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number, unit rank and regulator of K, respectively. Let Mg be the set of
places on K (i.e. equivalence classes of multiplicative valuations on K).
A place v is called finite if v contains only non-archimedean valuations
and infinite otherwise. K has only finitely many infinite places. The
rational number field Q has only one infinite place oo, containing the
ordinary absolute value, and a finite place for each prime number p. In co
we choose a representative |.|o which is equal to the ordinary absolute
value. In the place corresponding to p (which is also denoted by p) we
choose the valuation |. |, such that |p|, = p~! as representative. In each
place v of My we choose a valuation |. |, as follows. Let p € Mg be such
that v|p (i.e. the restrictions to Q of the valuations in v belong to p; in
particular v is infinite if and only if v|oco). We put d, = [K, : Q,], where
K, and Q, denote the completions of K at v and Q at p, respectively.
In v we choose the valuation |. |, satisfying

la|y = |a|z°/d for each « in Q. (1.1)
By these choices for the valuations we have the Product Formula

H lal, =1 for a € K*. (1.2)
vEMyg

Here and elsewhere we put V* = V'\ {0} for any set V. Put

0 if v is a finite place,
s(v)=4¢ 1/d if K, =R,
2/d if K,=C.

Then 3, cpr, $(v) =1 and
lay + ...+ aply < @ max(|ailv,. .., |ar|s) (1.3)
for a1,...,0r € K and v € Mg.
The height function h(.) on K is defined by

h(a) = H max (1, |a|y) fora € K.
vEMg

This height depends only on «, and not on the choice of the algebraic
number field K. The following elementary properties of h can be proved.

h(a™) = h(a) for o € K*,
h(ay...ar) < h(aq)...h(ar) for ai,...,ar € K, (1.4)
h(on + ...+ ar) <rh(ay)...h(ar) for ay,...,ar € K,

hla)=1 if and only if @ = 0 or a root of unity.
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Other heights of algebraic numbers « which are often used in diopharn—
tine approximation, are [al (the maximum qf the absolute values of the
conjugates of & over Q) and H(a) (the maximum of the absolute values
of the coefficients of the minimal polynomial of & over 7). If « is am
algebraic number of degree m, then

@l < (h(a))m <™, if ais an algebraic integer,
ol-mH(a) < (h(a))™ < Vm+1H(a), ifaisan arbitrary (1.5)

algebraic number.

The first inequality is obvious, while the second follows from Lang [51]
Ch. 3, Theorem 2.8. Consequently, for each positive number C' there
are only finitely many « in K with k(o) < C and these belong to an
effectively determinable finite subset of K.

Let Sy, be the set of all infinite places on K, and let S be a finite
subset of My containing Se. Let s denote the cardinality of S. An
element o of K is called an S-unit if ||, = 1 for each v & S (i.e.
v € Mg\S). The S-units form a finitely generated multiplicative group
of rank s — 1 which is denoted by Us. If S contains no finite places, ther
Us is just the group of units, Uk, of Ok. Note that if « € Ug, then, by
(1.2) and (1.4),

[lelo=1, &)= ][] max(1,|al.). (1.6)

vES vES

Suppose that the finite places in S correspond to the prime ideals
#1,--.,p¢ and that these prime ideals lie above rational primes not ex-
ceeding P(> 2). An element « of K is called an S-integer if |a|, < 1 for
all v ¢ S. The S-integers form a ring which is denoted by Og. If o € K
then the principal ideal () can be written uniquely as a product of twao
ideals A;, A2 where A, is composed of py,...,p; and Ay is composed
solely of prime ideals different from p, ..., p;. We define Ns(«), which
is sometimes called the S-norm of @, by Ns(a) = Ng,g(A2). This
function N has several useful properties. We have

Ns(a) = (H |a|,,>d for all ¢ in K.
veS

Further Ns is multiplicative, Ns(e) > 1 if @ € Os, and Ns(a) = 1 if
@ € Us. Finally we note that if § = Se,, then Ns(a) = |[Ng/q(a)|-
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We shall deal with the (general homogeneous) S-unit equation
0oZo + ...+ anZy, =0 inxg,zy,...,2, € Usg (1.7)

where ag, a1, ..., @n € K*. In the study of this equation we can identify
pairwise linearly dependent non-zero points in K™*!, that is, consider
solutions in the n-dimensional projective space P*(K). Points in P*(K),
so-called projective points, are denoted by X = (2o : 2y :...: Zn), where
the homogeneous coordinates are in K, and are determined up to a
multiplicative factor in K. Alternatively we can divide all coefficients o;
by ap and all variables z; by —zo and study the inhomogeneous S-unit
equation

a1Z1 + ... +apz, =1 in z1,22,...,2, € Us.

Since Us is finitely generated, S-unit equations are in fact exponential
diophantine equations. Most of our attention will be focussed on the
(inhomogeneous) S-unit equation in two variables,

T +asy =1 in z,y € Us. (1.8)

It is implicit in the work of Mahler [56] and explicitly stated by Lang
[50] that (1.8) has only finitely many solutions. Denote the number of
solutions of (1.8) by v(ai,az).

In §3 we shall give upper bounds for max(h(:c),h(y)) and for
v(ay,az) when z, y satisfy (1.8). In view of the symmetry in (1.7)
we can distinguish equivalence classes of equations such that the sets
of solutions of two equations from the same class are isomorphic: two
tuples (a9, a1,...,a,) and (Bo,B1,-..,Pn) in (K*)™*1 (resp. the corre-
sponding homogeneous S-unit equations) are called S-equivalent if there
is a permutation o of {0,1,...,n}, a A € K* and S-units €g,€1,...,€n
such that

Bi = Ae&iao(iy forz=0,,...,n.

Observe that the solution (€5-1(0)%0 @ €o-1(1)E1 & ... & €g-1(n)¥n) Of
aoTo + @121 + ...+ anzy = 0 corresponds to the solution (£4(g) : Zo(1) *

.t Z4(n)) of Bozo + P1Z1 + ... + Pnzn = 0 so that there is indeed a
simple bijection between the solutions of both equations. Transferring
the concept of S-equivalence to the inhomogeneous case, we find that the
S-equivalence class of equation (1.8) consists of the following six classes
of inhomogeneous S-unit equations:

a 162 + a6y = 1,
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1

- -1
a] o261 +ay 6y =1,

- -1
otz + aray ey =1, (1.9)
az617 + ané2y =1,
-1 -1 =1
aj €T+ a; a6y =1,
-1 -1 =1
aja, 6T+ oy 6y =1,

where €; and e; are arbitrary S-units.

We now show that if Ug is infinite (which is the case if s > 1), then
there are infinitely many S-equivalence classes of S-unit equations with
at least two distinct solutions. Let £ € Us, £ # 1. For each n in Ug with
n# &, n # 1 we define a;, a by

n—1

n—¢’
Then (1.1) and (£, n) are distinct solutions of a1z + azy = 1in z,y €
Us. The equations a3 + a2y = 1 constructed in this way must belong
to infinitely many S-equivalence classes, since the number of equations
constructed in this way is infinite, but each S-equivalence class contains
only finitely many equations with solution (1,1). This last fact follows
from applying Lang’s result to (1.9) with £ = y = 1, a@; and «a; fixed
and ¢;, €3 € Ug variables.

-1
(s3] C!2=§-—:;.

§2. The General Case: The Main Theorem on $-Unit Equations

In this paragraph we deal with equations (1.7). The results in
this paragraph are all based on p-adic versions of the Thue-Siegel-Roth-
Schmidt method. Both Schlickewei [68], [69], [70] and Dubois and Rhin
[14] gave such a p-adic version and used it to prove that, for any given

set of prime numbers T' = {py,...,p:}, the equation
o+ zi+...+z,=0 in z¢,2y,...,2p € Z (2.1)
has only finitely many solutions zo, z1, . .., &, each composed of primes

from T such that

ged(zi, zj) =1 for ¢ # j. (2.2)
Actually they proved the following more general result. Let A, § be real
constants with A >0, 0 < é < 1. Then the number of solutions of (2.1)
satisfying (2.2) and

IT (le¢l I loxly) < Amaxlool, foal, ..., l2a)*  (2:3)

k=0 p€ET
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is finite. The restriction of pairwise coprimality may be too severe, but
some restriction is needed in view of the equation zo + 23 + ...+ x5 =0
with T = {2,3} which has the solution zo = 2F*1, z; = 2%, 2, = —3.2F,
z3 = 283, x4 = 3%, x5 = —3%*? for all positive integers k, £.

Van der Poorten and Schlickewei [67] proved that (2.1) has only

finitely many solutions zg, zi, ..., Z, each composed of primes from T
such that

ged(zg,...,zn) = 1 and no proper non-empty subsum

Ti, +...+ 2z ofzo + 1 + ...+ z, vanishes. (2.4)

Condition (2.4) is necessary and sufficient. Their result holds for alge-
braic number fields (cf. Corollary 1.1) and even for finitely generated
subgroups of C* (cf. Theorem 1'), but they have not yet published the
complete proofs of their claim. Independently of van der Poorten and
Schlickewei, Evertse [20] proved that (2.1) has only finitely many so-
lutions satisfying (2.3) and (2.4) and extended this result to algebraic
number fields. By using these results of van der Poorten and Schlickewei
and Evertse, a further extension for subgroups of C* of finite rank was
given by Laurent [52].

To state Evertse’s result in full generality we need some more no-
tation. For any projective point x = (zg : 21 : ... : ) in P?*(K) and
for any v € My we put |x|, = max(lxolv,...,lxnlv). We define the
projective height') of x as

Hx) = [ o (2.5)

vEMg

This height is well-defined, since it is independent of the multiplicative
factor by the Product Formula. There is a simple relation between the
height h and the projective height H, namely

h(a) =H(1 : a) for a € K. (2.6)

Let, as always, S be a finite subset of Mg containing all infinite places.
Let A, 6 be real constants with A > 0, § > 0. A projective point
x € P*(K) is called (A, 8, S)-admissible?) if its homogeneous coordinates
can be chosen such that

D The valuation ||.||, in [20] is not the same as the valuation |.|,.
The relation between them is given by ||a|[, = |a|¢ for « € K. Hence
the notation of (A, §, S)-admissibility here corresponds with (A4, 8, S)-
admissibility in Evertse’s paper.
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(i) all zx are S-integers
and

@) J1 ﬁ lzele < A(H(x))’.

v€S k=0 .
Clearly the homogeneous coordinates of (1,0, 5)-admissible projective
points can all be chosen to be S-units.

Theorem 1. (The Main Theorem on S-Unit Equations for Algebraic
Number Fields) (Evertse [20]).

Let A > 0,0 < é§ < 1. There are only finitely many (A,§, S)-
admissible projective points x = (zo : 1 : ... : Tn) € P*(K) satisfying

zo+zT1+...+1,=0 (2.7)
but

zi, + ...+ zi, #0 for each proper, non-empty subset
{il,“',ik} of{O,l,...,n} (2'8)

We express (2.8) succinctly by saying that no subsum of zo + ... + zn
vanishes. When we use the word ‘subsum’ we exclude the full and empty
sum.

For general homogeneous S-unit equations (1.7) we derive the fol-
lowing consequence of Theorem 1.

Corollary 1.1. Let ag, a1, ..., an € K*. There are only finitely many
projective points X = (ZTo : T1...: Tp) € P*(K) with zo,2;,...,2, € Us
such that apzo+a1z1+. ..+ @nZy = 0, but no subsum of aore+airi +
oot apTn vanishes.

This implies for inhomogeneous S-unit equations:

Corollary 1.2. Let ay, ag, ..., an € K*. There are only finitely many
tuples (21,...,2,) € U2 such that ayz1+... 4+ apz, = 1, but no subsum
of a1z + ...+ apr, vanishes.

By a specialisation argument, Theorem 1 can be extended as follows.

Theorem 1’ (The Main Theorem on S-Unit Equations for Groups) (Van
der Poorten and Schlickewei [67]).
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Let G be a finitely generated multiplicative subgroup of C*. There
are only finitely many projective points x = (zo : 1 : ...: z,) € P*(G)
satisfying (2.7) and (2.8).

Laurent [52] proved Theorem 1’ in the more general case of multi-
plicative subgroups of C* of finite rank. He used it to prove a special
case of a conjecture of S. Lang which is an assertion on commutative
algebraic groups.

§3. Upper bounds in the two variables case

In this section we deal with the S-unit equation in two variables
a1z +azy=1 inz,y € Us, (1.8)

where aj,a2 € K*. It is implicit in the work of Siegel [78, 79] that
equations of the form (1.8) have only finitely many solutions in units z,
y, and implicit in the work of Mahler [56] that (1.8) has only finitely
many solutions (in S-units z, y). As remarked before, Lang [50] proved
this result explicitly. Siegel developed the so-called Thue-Siegel method
involving hypergeometric functions. By combining his method with ideas
of Mahler about p-adic approximation of algebraic numbers, Evertse
proved the following result on the number of solutions v(ay, as) of (1.8).

Theorem 2. (Evertse [19]).
1/(011,0(2) <3x 7d+28.

This bound has the remarkable feature of being dependent only on the
degree of K and the cardinality of S. Theorem 2 is a considerable im-
provement and generalisation of a result of Lewis and Mahler [54] who
derived an upper bound for v(1,1) in the rational case which depends
on the primes involved in S and not only on their number. Indepen-
dently of Evertse, and by a different method, Silverman [81] showed
v(1,1) < C x 22%¢, Here and elsewhere C is a constant, the value of
which may be different at each occurrence. Later, Evertse and Gydry
[22] derived an upper bound for the number of solutions of (1.8) inde-
pendent of a; and as in the general case that the variables z, y belong
to a finitely generated multiplicative subgroup of C*.

The dependence of Evertse’s bound on the degree of K and the
cardinality of S is necessary. Nagell [59] proved that for d > 5 there
exists a number field K of degree d such that = +y = 1 has at least
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3(2d — 3) solutions in units z, y of K. Erdc'Ss,. Stewart and Tijdeman
[17] proved that in the case K = Q the equation z +y = 1 can have
more than exp(Cs'/?/logs) solutions z, y € Us. This implies that
the best improvement of Theorem 2 one can hope for is v(ay,an) <
exp(sl/ 2). According to a conjecture which Stewart presented during the
conference, the exponent % should be replaced by % In great contrast to
this result is the observation made during the conference that for most
pairs a1, a2 We have v(iag,a) < 2.

Theorem 3 (Evertse, Gydry, Stewart, Tijdeman [26]).

There are only finitely many S-equivalence classes of equations (1.8)
with more than two solutions.

As observed at the end of §1 there are infinitely many S-equivalence
classes of equations (1.8) with two solutions. The proof of Theorem 3 is
based on Corollary 1.1. Its principle will be explained in §5. Theorem 3
can be extended to finitely generated multiplicative subgroups of C*.

Up to now all the upper bounds we have mentioned were proved
by ineffective methods. This has the important disadvantage that it is
impossible to derive upper bounds for the solutions themselves or to de-
cide from the proof that for given a;, ay (1.8) has no more than two
solutions. Skolem [83], using Skolem’s method, and Cassels [9], using
Gelfond’s results, showed how certain classes of S-unit equations in ra-
tionals can be solved effectively, at least in principle. The important
breakthrough was Baker’s method for estimating linear forms in loga-
rithms and its p-adic analogue by Coates. Implicitly in Coates’ work on
the Thue-Mahler equation [11] there are S-unit equations in two vari-
ables and upper bounds for their solutions. The first explicit mention
of such an application is in Sprindzhuk [84]. Gydry [34] worked out an
explicit upper bound for the heights of the solutions of (1.8). We state
his result in a slightly different and less precise form. To state his re-
sult we transform (1.8) into an equivalent equation. By multiplying a;
and ay by the product of their denominators, (1.8) transforms into an
equivalent equation of the form

Q1T + a2y = @p in z,y € Ug (3.1)

where ay, 02,09 € O \{0}.

Theorem 4 (Gyéry [34]). Let ¢ > 0. Ewvery solution (z,y) of (3.1)
satisfies

max(h(z), h(y)) < exp(sC(K")"P‘”‘ log A) (3.2)
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where A = max(h(a1),h(az),h(x),3) and C(K,¢) is an expression,
ezplicitly given in [34], involving the parameters d, hx, rx and Ry of
K and e.

It is most likely that the right-hand side of (3.2) cannot be improved
on in an essential way when we use the presently available estimates for
linear forms in logarithms of algebraic numbers. However, if we assume
that (3.1) has at least s + 2 solutions, then it is possible, after having
replaced (a1, az2,a0) by an appropriate S-equivalent triple, to derive a
result similar to (3.2) with a bound independent of A. A first step
in this direction was made by Gyéry. Recall the definition of Ng(a)
given in §1. Gydry [34] proved the following statement in a more precise
form. Here and in the sequel we use C(K) for an effectively computable
number depending only on K which may have a different value at each
occurrence.

Let 0 < € < 1. For each triple (a1, az,aq) of elements in O\ {0}
with
min(Ng(al),Ng(az)) < Ns(ap)™ (3.3)
such that (3.1) has at least s + 3t + 1 solutions, we have

2
Ng(ag) < exp {G'I\SC(K)’P’JI'H log ;} .

An upper bound for Ns(ag) of the same form can be given if
max(logNs(al),logNs(ag)) < (logNg(c«o))I“€ and there are at least
s+t+1 solutions.

There are infinitely many S-equivalence classes which have a repre-
sentative satisfying (3.3), but there are also infinitely many S-equivalence
classes which do not have such a representative. (If py,...,p: are the
rational primes in p1,...,p: and P = py ... ps, then for all sufficiently
large positive integers a the triples (Pa + 1,2Pa — 1,2Pa + 1) will be
pairwise S-inequivalent and they do not satisfy (3.3).)

Recently we considerably relaxed Gyo6ry’s conditions and moreover
slightly improved upon the bound for the number of required solutions.

Theorem 5 (Evertse, Gy&ry, Stewart, Tijdeman [26]). For each
(a1, az,a0) € (O \{0})® such that (3.1) has at least s + 2 solutions,
there exzists an S-equivalent triple (81, B2, B0) € (O \{0})® such that

max(h(f1), h(B2), h(Bo)) < exp{sCUFIepd+1}, (3.4)

Since there are only finitely many S-equivalence classes which have a
representative satisfying (3.4) (cf. (1.5)), this result implies that (3.1)
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has at most s + 1 solutions for all but the finitely many S-equivalence
classes determined by (3.4). It follows from Theorem 4 that the solutions
of Biz + Pay = Bo in z,y € Us subject to (3.4) satisfy

max(h(z), h(y)) < exp{sCF* P4V}, (3.5)

84. On the proofs of Theorems 1 and 2

In this section we shall describe some ideas behind the proofs of
Theorems 1 and 2.

Theorem 1 (the Main Theorem on S-Unit Equations) is a conse-
quence of the Subspace Theorem of Schmidt and Schlickewei, stated be-
low. We use the notation introduced in §§1, 2. By a projective subspace
we shall mean a set of the type

{x=(z0:...:22) €PYK): l1(x) =... = £r(x) = 0}

where £1,...,¢, are linear forms in K[Xo,...,X,].

Subspace Theorem. Let K be an algebraic number field, S a finite set
of places on K with S C S, and n > 1 an integer. For each v in S, let
{€iv}i2o be a collection of linear forms in K[Xo,...,X,] of rank n, + 1;
thus ny <n for v € §. Then for every ¢ > 0 and € > 0, the solutions of
the inequality

1 '"{E(IX‘)L SCHE)™TITC inxePrK)  (4.1)
vES i=0 v

are contained in finitely many proper, projective subspaces of P*(K).

This theorem was proved by Schmidt [73, 74] in case that S contains
only infinite places, and by Schlickewei [69] in full generality.

We remark that Schlickewei’s formulation of the Subspace Theorem
is different from ours. Schlickewei considered the inequality

Ny
I T, < cllel™ inx e opt (4.2)
vES i=0
where |x|| = rr';z;pc[aj(zg)l and o01,...,04 are the different Q-

isomorphisms of K. Inequality (4.1) is easily reduced to an inequality
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of type (4.2) and vice versa, by observing that there are positive inte-
gers ¢1, ¢z, c3 depending on K only, such that each x € P*(K) can be
represented by homogeneous coordinates (z¢ : z1 : ... : ) for which
1507" »Tn € OKa
NK/Q((:IJ(),. .o ,.’L'n)) S C1,
ca|lx|| < H(x) < esx]|.

Sketch of proof of Theorem 1. We shall proceed by induction on n.
Forn =1, Theorem 1 is trivial. Suppose that Theorem 1 has been proved
for equations zo + ... 4+ z»r = 0 with n’ < n (induction hypothesis).
Consider the equation

o+ 1 +...+ 2, = 0 in S-integers z¢,1,...,Tp 4.3)

satyisfying
n
IT IT 1=il < Ak, (4.4)
vE€S i=0

where S is a finite subset of Mg containing all infinite places, A > 0
and e =1 — 8. Now (4.4) can be rewritten as

H <|$olu n Ixn—-llglxo .-t x""llv) < cHX)TE (4.5)

s |X|n+1

where X = (z¢ : ... : Tp—1) € P"1(K) and ¢ = nA. Consider the
solutions of (4.5) with |X|, = |z;(y)|v, Where (i(v))ves is any fixed tuple
of subscripts taken from {0,1,...,n—1}. Forv € S, let {£i, }7=; be the
set of linear forms

{Xo, X1,.. ., Xn-1, Xo + X1+ ... + Xno1 } \{ Xy }-
Then (4.5) can be written as
1] H M”’(x b < ez (46)
vES =0

By the subspace Theorem, the solutions of (4.6) in X € P""1(K) are
contained in finitely many proper projective subspaces of P*~!(K). This
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implies that the solutions of (4.3) satisfying (4.4) are contained in finitely
many linear subspaces of K™*! of the type

{m e K"l iapzo + a1z + ..o+ Qno1Zpoy = 0}

where aq,...,0n—1 € K and (aq,...,an-1) # (0,...,0). Fix
ag,...,0n_1, fix a non-empty subset J of {0,...,n — 1}, and consider
all solutions of (4.3) satisfying

Zajmj =0, but no subsum of 3 a;z; vanishes.
jeJ jeJ

By the induction hypothesis, there is a finite number of tuples (5;);cs
such that each z; (j € J) can be written as z; = {3; where £ is some
S-integer. By substituting this into (4.3) we obtain

(Eﬂj)ﬁ-{— > =z=0.

jeJ J€{0,....n\J

By applying the induction hypothesis again we conclude that there are
only finitely many possible projective solutions (£ : i, ,: ... : z;,) where
{11,...,%:} = {0,...,n}\J. Combining this with the facts that the
numbers of possible tuples (ag,...,an-1), sets J and tuples 8; (j € J) -
are finite, we obtain that the total number of solutions of (4.3) subject
to (4.4) is finite. ]

We shall now sketch the ideas behind the proof of Theorem 2. We
use the notation of §§1-3. For: = 1,2,... let ¢;(...) denote effectively
computable numbers depending only on the parameters written within
the parentheses. Hence ¢ and c;3 are absolute constants.

Equation (1.8) can be rewritten as
y0+y1 +ys = 0in (yo Y1 :y2) [ Pz(K)
with y;/v; S-units for = 0, 1, 2, (4.7)

where vy,vy,v9 € K* are fixed. Put

3
A= H |V0V11/2|u X H {ma,x(|v0|,,, |Vllv’ |V2|v)} .
veS vgsS
A straightforward computation shows

[Yoy1y2]v
= AH(y) 73,
11 ol bl a0 = 47)
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where y = (yo : y1 : ¥2). Let (i(v))ves be subscripts such that
iyl = min(|volo, [¥1lvs 92]0)- I [Wiw)lo < Wiyl < |ykewle with
{i(v)’j(v)’ k(v)} = {1’273}’ then |yk(v)|v < 23(")ly,-(,,)lv by (1.3). Hence

H Iyi(v)lv < 2A'H(y)”3. (4.8)
ves ¥l

One possible way to deal with inequalities of type (4.8) is to use a quan-
titative version of Roth’s theorem of the type below. If U Xo,X1) =
a9Xo + o1 Xy, we put |4, = max([ao|v, ]allv).

Roth’s Theorem. Let K be an algebraic number field of degree d.Let
S C Mg be a finite set of cardinality s, containing all infinite places.
Let C > 1 be a constant. Let F(Xo,X1) € Z[X,,X1] be a binary form of
degree m, of which the absolute values of the coefficients are at most M.
Finally, let {€,}yes be a set of linear forms in K[X,, X, all dividing
F. Then the number of solutions of the inequality

II —-———llfﬁ})c'l < cH(x)* (4.9)
veES

in x € PY(K) with H(x) > c1(d,m,€)(C + M + 1)C2(d™9) {5 4t most
c3(d,m, €) x (ca(e))’.

As far as we know, no explicit proof of this result has been published.
In [51] Ch. 7, Lang proved that (4.9) has only finitely many solutions.
It is possible to prove Roth'’s theorem above by making explicit all argu-
ments in Lang’s proof, and combining this with ideas of Davenport and
Roth [13]. In [82] Theorem 2.1, Silverman stated and sketched a proof
of a result which is equivalent to Roth’s Theorem stated above.

Roth’s Theorem is a quantitative version of the Subspace Theorem
in the special case n = 1, n, = 0 for v € S\ S. It would be of great
interest to derive a quantitative version of the same type for the general
Subspace Theorem.

Using Roth’s Theorem with F(Xp, X1) = XoX1(—Xo — X1), it fol-
lows that inequality (4.8) has at most ¢5(d) x c§ solutions with

H(y) > cr(d)(24)D.

Our purpose is to obtain an upper bound for the number of solutions
of (4.8) which is independent of A. Below we state a “gap principle”
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which enables us to derive such a bound. First we reduce (4.8) to a
finite number of systems of inequalities

&ylx(ti)lv < (zAH(y)—IS)I“‘ forv e S, (410)
Yiv

where T', > O for v € S, ¥ peso = B for some B Wit.h % <B <1,
and the tuple (T'y)yes can be chosen from a set f)f cardinality at most
(c7 ( B))a. This can be achieved by taking a sufficiently fine grid of I',’s
(cf. [19] Lemma 4).

Gap Principle. Let y(®), y?) be different solutions of (4.7) satisfy-
ing the same system of inequalities (4.10), and suppose that H(y®) <
H(y®). Then

3B-1

Hy®) > 27814178 (H(y ™)) (4.11)

Proof. Let y® = (38 : 3 : ), y® = (w8 : 9 : 4§P). Put

Py — vy,
ly®ly x [y®],

where 7, j are distinct elements of {0,1,2}. Obviously, A, is independent
of the choice of 7, j. For v € S, take ¢ = i(v), j # ¢(v). Then, by (4.10),
forv e S,

A, = for v € Mg,

1 2
ly,((,f) v ny(z) lv

YWl ly@,

A, < 2°® max (

< 220 (24H(y V) =3) ™,

Hence

IEE 2(24H(yD) %) Lves T (4.12)
vE

= 2(24H(yD)=3)
For v ¢ S we have, on choosing i, j such that |v;|, < lvjlo < |vk|v for
k#4,7,
< Iyiyjlv
L~
{max(lz/o|,,,|vl|,,, ly2|v)}2

_ [vovival,
{max(lyol,,, |V1 |'v7 IVZII))}3 ’
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Together with the Product Formula this shows that

Il 2.<4n
vEMy \S

By combining this with (4.12) and the Product Formula we obtain

1
— A, < 21+BAB_1H(Y(1))—3B.
(1) (2) H v=
HYOHG®) it
This implies (4.11). ]

Since in (4.11) the exponent of A is positive and that of H(y(!) is
greater than one, the number of solutions of (4.10) with

H(y) < er(d)(24)(@

is bounded above by co(B, d). We infer that the total number of solutions
of (4.8) is at most ¢19(B,d)(e11(B))°. By choosing B appropriately and
observing that equation (4.7) can be reduced to at most 3° different
inequalities (4.8), we conclude that the number of solutions of (4.7) is at
most ¢y2(d) X ¢f3.

We remark that it is possible to prove that (4.8) has at most ¢5(d) %

¢¢ solutions with H(y) > c7(d)(24)°*9 by techniques which are less
powerful than Roth’s (cf. [19], [21]).

§5. The rational case

We specialise the theorems of §§2, 3 to the case K = Q. This
paragraph can be read independently of §§1-4. The text between square
brackets indicates the connection with the preceding paragraphs.

For any prime number p and any rational number a we define |a|, =
p~F if p~%a is the quotient of two rational integers both coprime to p.
Let M denote the set of valuations on Q consisting of the absolute value
|.| and the valuation |.|, just defined for each prime number p. Then
we have the Product Formula

H lal, =1  for all « € Q*. (5.1)
vEM
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Here and elsewhere we put V* = V \{0} for any set V. Furthermore, we
define the height h(a) of a by

h(a) = H max(1, |aly)- (5.2)

vEM

Hence, if « = a/b with a,b € Z and ged(a,b) = 1, then h(a) =
max(|al, [b]). Note that, by (5.1),

h(a) = h(a™) = [] min(1,lels) 7" (5.3)
veEM

Let t > 2. Let T = {p1,...,p:} be a set of prime numbers not exceeding
P. Let S be the set of valuations |.|, |.|p;s ---» |- |p.. [Hence s = ¢+ 1,
the number of valuations in S.] By v ¢ S we mean v € M \S. For
o € Q* we write a = [a]s{a}s where [a]s := [[,er |al;* is the T-part
of a and {a}s := |a|[[,er lalp = [[,es |olv is the T-free part of . The
set Us of S-units consists of the rational numbers a with {a}s = 1.
Hence every a in Us is of the form ipf‘ ...pf‘ with ky,...,k; € Z. Put
S=UsNL.

Since there are exactly two tuples (zo,...,zn) of rational integers
with ged 1 which correspond with a given projective point in P™(Q), we
have the following consequence of Theorem 1.

Corollary 1.3. Let A, § be real constants with A > 0, 0 < § < 1.
Then there are only finitely many tuples = = (zo,21,...,%n) of rational
integers such that

To+T1+...+z, =0, (5.4)
Ty, +... 4z, #0 (5.5)
for each proper, non-empty subset {iy,...,ix} of {0,1,...,n},
ged(zo, 21,... ,20) = 1, (5.6)
and -
ll){zj}s < A(jggfafn jz51)". (5.7)
o=

We express (5.5) succinctly by saying that no subsum of To+xT1+...Tq
vanishes. Taking A = 1, § = 0 means requiring that z¢, 1, ..., Zn
are all elements of S. Obviously Corollary 1.3 generalises the result of
Schlickewei [70] and Dubois and Rhin (14], mentioned at the beginning
of §2, who required pairwise coprimality instead of (5.5) and (5.6).
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The subsequent results deal with the case n = 2. Let v(a,b,c)
denote the number of solutions of the equation

az + by =cz inz,y,z € S with ged(z,y,2) =1, (5.8)

where a,b,c € Z*. Since every solution z1,22 € Us of az; +bzy = ¢
corresponds to exactly two solutions of (5.8), the following result follows
from Theorem 2.

Corollary 2. v(a,b,c) <6 x 7213,

Erdés, Stewart and Tijdeman [17] have proved that there exist sets
S of arbitrarily large cardinality ¢ for which v(1,1,1) > exp(Ct'/2log t).
Here and elsewhere C is a constant, but the constant may have a different
value at each occurrence.

We call a triple (a,b,¢) € (Z*)® S-normalised if a, b, ¢, p1, ..., Pt
are pairwise relatively prime and 0 < a < b < ¢. [Then each S-
equivalence class in (Z*)® contains exactly one S-normalised triple: Sup-
pose (ag,a1,az) € (Z*)*. Put A\ = ged(ag,a1,a2). Then (ao,a1,az)
is S-equivalent with ({ao/A}s,{a1/A}s,{az2/A}s). Arrange the three
numbers in the latter tuple in increasing order and call them a, b, c,
respectively. Then (a,b,¢) is the unique S-normalised triple in the S-
equivalence class of (ag,a1,az2).] The following result is an immediate
consequence of Theorem 3.

Corollary 3. There are only finitely many S-normalised triples

(a,b,¢) € (Z*)3 for which (5.8) has more than two solutions with positive
2.

Corollary 3 can be derived from Corollary 1.3 as follows. Let
(a,b,¢) € (Z*)® be an S-normalised triple and suppose there are three
distinct triples (z,y:, 2;) € S* satisfying (5.8) and z; > 0 for 1 = 1,2, 3.
Then we obtain

1 T2 I3
vioy2 ys| =0 (5.9)
21 22 Z3

Note that the expression on the left-hand side does not change value if
we permute x, y, z or subscripts 1, 2, 3 consistently. Furthermore, if
T1Y223 = T2y123, then z1y2 = Tayi, hence 1 = £z3, y1 = *y2 and
therefore z; = +z,. Since z; and z, are positive, we obtain

T1Y223 F T2y123- (5.10)
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We first prove that there are only finitely many possible .va.lues for
2123/T221 and y122/y221. To do so we apply Corollary 1.3 V§{1th A=1,
§ = 0 in the following way. If all conditions with the possible excep-
tion of (5.5) are satisfied, then there are only finitely many possibil-
ities for the quotients z;/z; (0 < 7 < j < n). If.no (proper, non-
empty) subsum of (5.9) vanishes, then Corollary 1.3 implies that there
are only finitely many possibilities for z1ysz2/T2ysz1 = T122/7221 and
T3y122/T3y22z1 = Y122/y221. In this case our claim is correct, but we
cannot be certain that no subsum vanishes. Suppose that there is
a vanishing subsum. Then the complementary subsum vanishes too
and we can apply Corollary 1.3 to both subsums. There are a great
many cases to be considered, but, by using the symmetry and (5.10),
their number can be brought down to five. The most difficult one is
T1y2z3 + Toyzz1 + T3y1z2 = 0, Toy123 + Tayez + Tiyzzz = 0. By
Corollary 1.3 there are only finitely many possibilities for the quo-
tients T3y) 22/T1Y223, T2Y321/T1Y223, T1Y322/T2y123 and T3y221/z2y1 23,
hence for z3yy23/72y121 and z1y22 [z2y} 22, whence for 2323 /2323 and
y323 /y3 23, whence for zy22/7221 and y122/y221. The other cases can be
treated similarly. We conclude that there are only finitely many possible
values of z123/z22; and y122/y221, hence of z1y2/z2y;. Since (z1,y1,21)
and (z2,y2,22) satisfy (5.8), we have

C_Wmopn b _nm-onn
c  Tay1 —T1ys’ ¢ Ty — Tayr’
hence
azy _ Y122 y2z1 — 1 'by_l Tz /192 — 1
cz1 zey1/ziyz — 1’ cz1 T1Ya /Ty — 1
Since a, b, ¢, p1, ..., p; are pairwise coprime and 2, y1, 2; are composed
of p1, ..., pt, we obtain that there are only finitely many possible values

for azry/cz1 and by; /cz1, whence for @, b and ¢. Thus there are only
finitely many normalised triples (a,b,¢) € (Z*)? for which (5.8) has more
than two solutions.

Corollaries 1.3, 2 and 3 do not provide any upper bounds for the
solutions themselves. We shall show how such bounds can be derived
from results on linear forms in logarithms of algebraic numbers.

Lemma 1. Let v1,...,7, € Q* with h(vi) < T; where T'; > 3 for
t=1,...,nand n > 2. Let B> 2 and b; € 7 with |b:] < B for
t=1,...,n. Put

Az'yfl...'y:"—-l,
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Q= ﬁlog I‘,’,
1=1
n—1

Q' = H log Fi.
=1

a) Then either A =0 or |A| > exp(—n®"Qlog Q' log B).
b) Let p be any prime number. Then either A =0 or

|Alp > exp (—nC"pQ(log B)?).

The proofs of Lemma la) and 1b) can be found in Baker [3] and van der
Poorten [65], respectively. For defects in the latter proof, see Yu [91],
[92].

Gydry [34] proved the Corollary below by applying a variation on
Lemma 1.

Corollary 4. If the triple a,b,c € (Z*)® is S-normalised, then each
solution (z,y,2) of (5.8) satisfies

max(fel, lyl, |2]) < exp(t®P*/* log 4)

where A = max(a, b, ¢, 3).

We shall give a simple proof of a slightly weaker assertion, namely
with log A replaced by log A(loglog A)%:

Let (z,y,z) € S* satisfy (5.8). Put Z = max(|z|,|y|,|2|). Then
each of z, y, z is of the form :I:pf‘ ...p¥ with ky,...,k: € Z. Observe

that |k;| < C’logpf" < ClogZ. Let p € T. Suppose |z|, # 1. Then
|zl = lyl, =1 and

ax
[#lp = lezlp = laz + byl, = | -5 —1 ,,
Hence, by Lemma 1b),
lz]p = exp(—-tCtP(log P)tlog A(log B)z), (5.11)

where B = max(|k1|,..., k) < ClogZ. Inequality (5.11) is also valid
if |z|, = 1. It follows that

|zl = I I=1;?
pET

< exp(t°*P(log P) log A(loglog Z)?).
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By the symmetry of (5.8), the right-hand side is also an upper bound
for |z| and |y|. (We have not used the fact that 0 < a < b < c¢.) Hence

log Z

——2"— <t P(log P)' log A.
(loglog Z)? < 7 P(log P)'log

By transferring secondary factors we obtain
log Z < t°*P(log P)'*®log A(loglog A)?.
If log P < #* then (log P)*+® < t€, otherwise
(log P)*** < (log P)**
< exp(3(log P)*/*loglog P)
< CcP'3,

Thus
log Z < t°'P*/® log A(loglog A)?

which is our claim.

An upper bound depending on P and ¢ only can be given for the
coefficients and the solutions of those S-normalised S-unit equations
which have more than ¢ + 2 solutions. This follows from the follow-
ing consequence of Theorems 4 and 5. (Observe that for each triple
(a,¥,c') € (@*)® we have max(h(a'), h(b'),h(c")) > max(|al,|b],]c|)
where (a,b,¢) is an S-normalised triple of non-zero integers which is
S-equivalent to (a',b',c').)

Corollary 5. Each S-normalised triple (a,b,c) € (Z*)® such that (5.8)
has at least t + 3 solutions (z,y, z) with z > 0 satisfies

max(|al, |b], |c|) < exp(tCtP?)
and each solution of such an equation satisfies

max(jz, [yl |2]) < exp(t4P?).

Proof. Put o = afc, f = b/c, A = c = max(a,b,c). Then0 <a < B < 1.
If (5.8) has t + 3 solutions with z > 0, then the equation

az + By =1 (5.12)
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has t+3 solutions, (zo,Y0), (Z1,1)s - - -, (Te42, Yt+2) € UZ, say. Without
loss of generality we may assume

h(:l:o) g [N S h($t+2). (5.13)

We shall prove that
log A < tC P43, (5.14)

By Corollary 4, this suffices to prove Corollary 5. In the sequel we shall
assume A > 210,

First we prove that for + = 1,...,t + 2 there exists a valuation
[lo€S={l-1,]-Ips-»|-lp. } such that

lazi|, < A7IEEFY, (5.15)
We write v € S. We distinguish two cases.

Case 1. a < A™/4,

(This condition is equivalent to a < ¢*/%. Essentially this is the case
treated by Gyéry [34], cf. §3 above. In this case the solution (zq,yo)
is not used so that the conclusion of the theorem can be reached when
there are only ¢t + 2 solutions.)

We have [a]s = 1 and {z;}s = 1. Hence

H lazil, = H laly = a < A7Y4,

vES vES

Since S has t + 1 elements, there is some v in S such that (5.15) holds.

Case 2. a > A™Y/*, (This part contains the new argument.) We have
B>a>AY4 b>a> A% and, by (5.12),

oz — o) = Blyo — yi) fori=1,...,t+2.
Since o, i, %0, y; € Us, we obtain for any prime p ¢ T that
laz: - 20)], < min(laly, 8]y)-

Hence, by (5.1) and [a]s = [fls =1,

Hla(a:,' ——a:o)lv = Hla(a:i - mo)l;l

vES p¢T

> H (min(|alp, Iﬂlp))_l

p¢T

= (TL=in(lels. 1815)) -



134 S-UNIT EQUATIONS

By the coprimality condition on a, b, ¢ we have min(|alp,|b|p) =
[lem(a, b)lp = |abl,. Hence

. min(|alp, |5],) ab
mm(lalp,lmp): (ICIZ b= c
P

By the Product Formula we obtain
ab

(H min (|al,, lﬂlp)) - =—

Therefore

H Ia(zi - xo)lv >abjc > A4 4314 41 - q1/2,
vE€S

On the other hand, by 0 < @ < 1 and (5.13),

Hla(m; —zo)|, < a H |zi = zolo

veS vES

<2 H maX(Ixolv, lwilv)

vES

<2(J] max(1,fzo)) ([T max(t, i)

vES
= 2h(z0)h(z:) < 2(h(z:))”.

It follows that 12
h(z:) > (§A1/2) > A5,

We infer from (5.2) and (5.3) that

H min(1, |z;],) = (H max(1, |$i|v)>‘]

vES v€S
= (h(z:)) 7 < ATV
Since 0 < a <1 and [a]s =1, there is some v in S such that
lazily, < |zil, < AH/GE+1),

This proves (5.15) in the second case.



S-UNIT EQUATIONS 135

Since |S| = t + 1, there are ¢, j in {1,...,t + 2} with i < j such
that, for the same valuation v € S,

lazi|, < A7H/(GE+D), laz |y < A=H/(E+D)

Hence, by (5.12),

1
1Byjle =1 —azjly 2 bR
1B(yi —y5)l, = |a(z; —23)], < 2471/60H),

We obtain
< 4AV6ERD) (5.16)

v

-
Yj

We apply Lemma 1la) if v is the absolute value and Lemma 1b) other-

wise. Note that y; /y; = £p5 ... p¥ with |ka| < Clog max(h(y:), R(y;))-
Hence

¥ _q
vj

> exp (——tC‘P(log P)'*!(loglog max (h(y:), h(y; )))2) . (8.17)

v

Corollary 4 implies that
log max (h(y:), h(y;)) < t°*P*/*log A. (5.18)
Combining (5.16), (5.17) and (5.18) we obtain
log A < t° P(log P)*"3(loglog A)?.
This implies, by transferring secondary factors,
log A < t¢P(log P)*3.

As in the proof of Corollary 4 we have (log P)!*3 < t€*P1/3. Hence
log A < tCtP*/3 as claimed in (5.14).

It is clear from the proofs that, in Corollaries 4 and 5, P*/3 and P2
can be replaced by P!*¢ and P3 by P%*¢ for any positive €, provided
that the constants C are allowed to depend on e.
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§6. Applications to sums of products of given primes

Let T = {p1,...,pt} be a set of prime numbers not ea'cceedi.ng P
(> 2). Let S be the set of rational integers of which eac.h prime divisor
belongs to T. We consider representations z; +...+Zn with z3,...,2n €
S, so-called S-representations. We call two representations z; +. R
zn and Yy + ... + yn distinct if (21,...,2,) is not a permutation of
(¥1,---,Yn). The representations zj+...4+zn, and y1+. . .+yn, are called
relatively prime if ged(z1,...,Tny,Y1,---,Yn,) = 1. They are 'cz'ill‘ed
disjoint if z; # yjfori=1,...,n; and j = 1,...,n9, and totally disjoint
if there are no equal subsums, that means there are no non-empty proper
subsets {i1,...,%x} of {1,...,n1} and {j1,...,7¢} of {1,...,n2} such
that i, +...+ i, =yj, +... +yj. I ny =ny =2, then there is no
difference between the notions distinct, disjoint and totally disjoint.

In this paragraph we give some applications of Corollaries 1.3 and
2-5. By C we shall denote absolute constants, by C(T,n) numbers
depending only on T and n, and so on.

Theorem 6. Let n, ny and nz be positive integers.

a) There is a number C(T,n) such that every integer m has at most
C(T,n) representations as sums of n pairwise relatively prime ele-
ments from S.

b) There are only finitely many integers which admit a representation
T1 + ... + Tn, of parrwise relatively prime elements of S and a
representation y; + ...+ yn, of pairwise relatively prime elements
of S such that the representations are disjoint.

c) There are only finitely many integers which admit an S-represent-
ation €1 +...+zq, and an S-representation yy +. .. +yn, such that
the representations are relatively prime and totally disjoint.

Proof. ¢) Suppose m admits the two described representations. Then
Ty +...+ Ty = Y1 — ... — Yn, = 0. We may assume m # 0. We apply
Corollary 1.3. Conditions (5.6) and (5.7) are satisfied (with A = 1,
6 =10). If (5.5) is not fulfilled, then z; + ... + zp, —y; — ... — Yn, has
a vanishing subsum. The complementary subsum vanishes too. Since
m # 0, one of both subsums involves both z’s and y’s. This leads to a
contradiction with the supposition that the representations are totally
disjoint. Thus (5.5) holds. By Corollary 1.3 we find that there exists a
finite set of (ny + ng)-tuples depending only on T, n; and n, to which

(zl,...,znl,yl,...,ynz) belongs. Thus m = z; + ... 4+ Tn, satisfies
m < C(T,nq,ny).
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b) Suppose m admits the two described representations. We may

assume that m # 0 and that we do not have z; = —z; = 1 for some 3, j
in {1,...,n1} or y; = —y; = 1 for some ¢, j in {1,...,n2}. Observe that
Z14+ ...+ Tn, — Y1 — ... — Yn, can be split into a number of vanishing

subsums so that none of these subsums has a vanishing subsum. The
number of possible splittings is C(n1 + n2). By the conditions of b)
each subsum has at least three terms, hence involves at least two z's or
two y’s. By applying Corollary 1.3 to each of the possible splittings we
obtain that there are only finitely many possibilities for the terms in each
subsum, since these terms have no common prime factor. It follows that
there is a finite set of (ny + nz)-tuples depending only on T, n; and n,
to which (21,...,%n,,Y1,--.,Yn,) belongs. Thus [m| = |z;+...+2,,| <
C(Ta ny, N2 )

a) It suffices to prove that there are at most C(T,n) distinct
representations. If m = 0 then we apply the argument to the S-
representations x; + ...+ z, of m which we applied to z; +... + z,, —
Y1 — ... — Yn, in the proof of b). It follows that there is a finite set of
n-tuples depending only on T and n to which (z1,...,z,) belongs.

Now assume m # 0. If m admits two representations of the de-
scribed form, then, after permutation, they can be written as ;4. .. 4z,
and y1 + ...+ Yn, + Tny41 + ...+ Tp with z; #Fy; fori=1,...,ny and
j=1,...,n1. According to b) there are only C;(T,n) integers m; which
admit two disjoint representations 1 +4...4+ 25, and y;1 +...+ys, of pair-
wise relatively prime elements of S for some n; < n. Moreover, it follows
from the proof of b) that there is a finite set of 2n;-tuples depending only
on T and n; to which (z1,...,%Zn,,¥1,...,Yn, ) belongs, that is, each m,
admits at most Cy(T,n;) pairwise disjoint S-representations of pairwise
relatively prime integers. Similarly m —m; admits at most Co(T,n—n;)
pairwise disjoint S-representations of pairwise relatively prime integers
Tp,4+1 + ... + Zn. Hence there are at most C1(T,n)C2(T,ny) possibili-
ties for the distinct part (z1,...,2,, ) and Cy(T,n — n;) possibilities for
the remaining common part (Zp,+1,-..,%n). Thus the total number of
representations as sums of n pairwise relatively prime elements from &
is bounded by C(T,n) := C1(T,n) 3.5 _; Co(T,m1)Co(Tyn —n1). |

It is not hard to see that the restrictions in b) and c) cannot be
omitted. Let T = {2,3,5}. In b) we require disjointness, since there are
infinitely many integers with representations 5% + 22 + 1 = 5F + 3 + 2.
We require pairwise coprimality in view of the representations 2¥+1 +
3+ 2 and 2F + 2% + 5. In c) we require total disjointness to exclude
representations 2Ft2 + 2F 4 2 + 1 and 2.3 + 2¥f! 4 3. We require
that the representations are relatively prime, since otherwise we may
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have 2¥+2 4 2% and 2% .3 + 2%+1 as representations. The restriction in
a) is necessary, since 1 has infinitely many representations of the form
3.2k _2k+1_9k 11 However, Tijdeman and Wang [90] have proved that
there is a number C;(T, n) such that every integer has at most C1(T,n)
representations as sums of n positive elements from S.

In a letter to one of us, P. Erdds drew our attention to the following
conjecture of D. Newman (cf. [16] p. 80). The number of representations
m = 2%3# 427 4+ 3% in non-negative integers a, 3, 7, § is bounded. Erdds
wondered whether this could be solved by Corollary 1.3. We show that
he is right, and that there are only finitely many integers which have
more than two disjoint representations. Any pair of coprime integers
greater than 1 could be taken in place of the bases 2 and 3.

Theorem 7. a) There is a constant C such that every integer has at
most C representations of the form 2%3% + 27 4 3% with a, B, v and 6
non-negative integers.

b) There are only finitely many integers which admit more than
two pairwise disjoint representations of the form 2238 4+ 27 4 3% with «,
B, v and § non-negative integers.

Proof. Put T = {2,3}. By N-representation we shall mean a representa-
tion of the form 2%3% + 27 4 3%, By Theorem 6c) there are only finitely
many integers m which admit two totally disjoint N-representations. Let
M, be the maximum of such numbers m.

We now assume that m > My has two distinct N-representations,
m = 2%3% + 27 4 3% = 2¢3¢ 4+ 27 4 3%, Hence these representations
are not totally disjoint. Since the representations are distinct, 2%3% +
27 + 3% —2¢3¢ — 27 — 3% has exactly two vanishing subsums (which are
complementary).

Suppose first that each vanishing subsum has three terms. By using
the symmetry, also with respect to the bases 2 and 3, we may assume
without loss of generality that we have one of the following cases:

@) 293F 27— 23¢ =, 3¢ —27_3° =0
(i) 2°3F £ 27 27 =, 3% —2:3¢ — 3% = .
(iii) 2°3f 197 3% =, 3% —2¢3¢ —27 = .
(iv) 27 +3% —2¢3¢ = 0, 2238 _ 27 _3% =,

We treat the cases separately and apply Corollary 1.3 to both subsums.
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Case (i). It follows that there are only finitely many possibilities for §, n
and 6. The numbers 2%3#, 27 and 2¢3¢ belong to a finite set apart from
a common factor 2% (k € Z, k > 0).

Case (i1). The numbers 2%34, 27, 2" belong to a finite set apart from a
common factor 2%. The numbers 3%, 2¢3¢, 3% belong to a finite set apart
from a common factor 3.

Cases (iil) and (iv). There are only finitely many possibilities for the
exponents.

We conclude that m is both of the form 2¥(2%1 34 4 2F2) 4 3¢+£ and of
the form 2%+Fs 4 3¢(2k43% 4 3%) where ky,...,ky,01,...,44 belong to a
certain finite set.

Suppose next that one vanishing subsum has two elements and the
other four. This implies that the representations are not disjoint and
hence we are not in situation b). Without loss of generality we may
assume that we have one of the following cases:

(v) 2°3% — 2¢3¢ = 0, 27 +38 -271-3% = 0.
(vi) 27-27=0, 2%3°43°—23¢ 3% =.

Case (v). By applying Corollary 1.3 to the second sum we obtain that
(v,94,7,6) belongs to a finite set of quadruples.

Case (vi). By applying Corollary 1.3 to the second sum we find that
(2%37,3%,2¢3¢,3%) belongs to a finite set of quadruples apart from a
common factor 3¢.

To prove a) we observe that each N-representation of m is either
of the form a2* + 53¢ or of the form 2%3¢ + a + b where in each case
(a,b) belongs to a finite set. Put M; = max(a + b) where (a,b) runs
over this finite set. The number of representations of m of the form
a2¥ 4+ 53¢ is bounded by Corollary 2. For representations of the form
2¥3%+a+b we remark that it follows from Corollary 1.3 that the distance
between numbers of the form 2%3¢ exceeds 2M; when 2¥3¢ > M,. Hence
if m > M; + My and m = 2%¥3% 4+ a + b, then k and £ are uniquely
determined by m. It follows that for m > Mg+ M; +M> the number of N-
representations of the second type is also bounded. We conclude that the
total number of N-representations of any number m > My + M + M, is
bounded. It is obvious that the number of N-representations of numbers
m < My + M; + M, can be bounded. This proves a).

To prove b) we recall that if m > M, admits two disjoint N-
representations then each representation is of the form a . 2% +b. 3¢ where



140 S-UNIT EQUATIONS

(a,b) belongs to some finite set and either a = 2k134 4 ok2 b = 3% (the
first type) or a = 2Fs, b= 2k43¢s 4 3% (the second type). We define T
as the set consisting of 2,3 and all the prime divisors of a and b where
(a,b) runs over the finite set. Denote by Sy the set of rational integers
of which each prime divisor belongs to T;. Let M3 be so large that if m
has two totally disjoint, relatively prime S;-representations 1 + z and
Y1 + Y2, then m < Ms. This number M; exists by Theorem 6c).

Suppose m > max(My,M;) admits three pairwise disjoint IN-
representations. Then there are two disjoint representations of the same
type. Since m > Mj, these representations as sum of two elements
of Sy, are not totally disjoint. It follows that the corresponding IN-
representations are not totally disjoint. If the representations are of the
first type,

2k (2134 4 2h) 4 3tHE

and

2k'(2k33[3 + 2k4) + 3ll+f4
say, then

2k(2k1 3& + 2k2) — 3f'+l4
and

K (oksats kay — qt+e;
2k (gkogte 4 oke) = 3

)

since the N-representations are disjoint. It follows that k& and £ are
bounded, hence m < My. If the representations are of the second
type, then we obtain similarly m < Mjs. Thus no m greater than
max(Mo, M3, My, M5) admits more than two disjoint N-representations.

There exist infinitely many integers with two disjoint NV -represent-
ations in view of 2%, 3! 4 2% 4 352 = 233b 4 9e+2 | 3b for any positive
integers a, b. There are infinitely many integers m which admit four
distinct N-representations, namely, for a > 2, b > 2,

(20. + 35) — 20—130 + 20.—1 + 3b
= 2a—231 + 2a—-2 + 3b
- 2135-—1 + 2a + 35—1
= 233b—2 + 9a + 35»2.
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Tijdeman and Wang [90] have proved that apart from the numbers of
the form 22 + 3° there are only finitely many positive integers m which
admit at least four N-representations.

It follows from Corollary 2 that the number of representations of
a non-zero integer m as difference of two elements of S is bounded (in

terms of ¢). This was the clue to the solution of an old problem of Erdés
and Turan.

Let a1 <az <...<ag and by < by <...< by be positive integers.
Assume that the prime factors of

Pk,z = H (a,' + bj)

1<i<k,1<5<e

are given by pi,...,p:. Erdés and Turadn (cf. [15] p. 36) conjectured
that if £ = k and k tends to infinity then ¢t — co. They had settled the
special case b; = a; for j = 1,..., k in their first joint paper [18]. Gyéry,
Stewart and Tijdeman [47] observed that a stronger assertion follows
from Corollary 2. Since, for any non-zero ¢, the number of solutions of

z —y = ¢ in integers z, y composed of given primes py,...,p: is at most
6 x 72**3  the number of positive integers a such that both a 4+ b; and
a + by are composed of p;,...,p; is at most 6 x 72+3, It follows that

{ > 2 already implies t > %logk — 2, hencet - o0 as k — oo. An
elementary solution of the problem of Erdés and Turdn was presented
in [88]. Erdds also posed the problem of investigating the number of
distinct prime factors of [[(ai + b;) if the product extends over a given
set of pairs (7, 7). Results in this direction can be found in Gydry, Stewart
and Tijdeman [48].

There are several related results involving P := maxi=1,... ¢ pi-
We henceforth assume that P is fixed and that a; + b1,...,a; + by,
az + by,...,ax + by have no prime factor in common. In [47] we showed
that if £ > 2, £ > 2, then ag + b; is bounded. This follows by applying
Corollary 1.3 to (a; + b1) + (az + b2) — (a1 + b2) — (a2 + b1) = 0. By ap-
plying Corollary 5 to z — y = by — by, we obtain the following refinement
of [47, Theorem 2]:

Tk >t+3and £ > 2, then a; + b < exp(tC‘P3) where C is some
effectively computable absolute constant. Surveys on these and related
results are given by Stewart [87] and Stewart and Tijdeman [88].

§7. Applications to finitely generated groups

In a letter to one of us A. Rhemtulla and S. Sidki asked to show that
not every rational integer r is of the form ry+ro+.. .41y, n' < n, where
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each r; belongs to G, where G is a fixed multiplicative group ge.nerated by
algebraic integers ay, ..., 1. They needed this .result for their Stl.ldy of
ellipticity problems in group theory. An application of Theorem 1 yielded
a positive answer. In fact, if n is a positive integer and ai,...,a: are
non-zero algebraic numbers (not necessarily integers), then there exists
a positive integer m which is not representable as the sum of at most n
power products ol o (b1,...,bs € Z). This assertion follows from
the following theorem by letting G be the group generated by ag,..., ¢
and H the group generated by a prime number p of which no power
belongs to G. We namely infer from the theorem that only finitely many
powers of p can be represented as the sum of at most n power products
of ay,...,01.

Theorem 8. Let ny and ny be positive integers. Let G, H be finitely
generated multiplicative subgroups of C* with GN H = {1}. There are
only finitely many complex numbers o which can be written both as

a=€+...+€, withe,...,en, €EG (7.1)
and as
a=m+...+ 0, withny,...,n., € H. (7.2)

Proof. We use induction on n = n; + ny. We denote by N(n) the
number of complex numbers o which can be written both in the form
(7.1) and in the form (7.2) with n; 4+ ng < n. Further we denote by
No(n) the number of complex numbers which are of the forms (7.1) and
(7.2) with ny + ny < n such that no subsum of €; 4 ... + €5, equals any
subsum of 7 + ... + Nn,. Obviously N(2) = 1. Suppose N(n — 1) < co.
If a is of the forms (7.1) and (7.2) with n; + ny = n, then

€1+.--+€n,“—171~-~‘"7ln2=0,

€1y--1€n; €EG, N1,y...yn, € H. (7.3)

If no subsum of the left-hand side vanishes, then we obtain, by apply-
ing Theorem 1' to Gy = G™ x H™, that there are only finitely many
possibilities for (e1 ... 1 €ny 11 1 ... nny). H (€], .0 € 00,000, M0,)
and (€f,..., €, ,n,...,nn ) are two solutions corresponding to the same
projective point, then €] /ef = ni/n{ € GN H = {1}. Thus there are
only finitely many solutions of (7.3) without vanishing subsums, whence
No(n) < oo. If some subsum vanishes, then « can be written as 8 + v
where both 3 and v are of the forms (7.1) and (7.2), but in both cases
ny +ng < n—1. The number of numbers « representable in this way
is at most (N(n —1))*. Thus N(n) < No(n) + (N(n — 1))? < co. This
proves the induction hypothesis. [}
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§8. Applications to recurrence sequence of complex numbers

By a recurrence sequence we mean an infinite sequence of complex

numbers U = {um } - satisfying a relationship of the type

Umtk = ClUmtk—=1 F -+ + ChUm for m=0,1,2,... (8.1)
where c1,...,ck are complex numbers. The sequence U satisfies sev-
eral recurrence relations of type (8.1); among these there is a unique
recurrence relation for which k is minimal. Supposing that (8.1) is the
recurrence with minimal k satisfied by U, we put

FX)=X*-a X" —aaX —c. (8.2)
F is called the companion polynomial of U. Obviously F(0) # 0. Let

FX)=(X —w) .. (X —wp)®*

where e,...,e, are positive integers and wi,...,w, non-zero distinct
complex numbers. Then there are polynomials fi,..., fr € C[X], of
degrees at most e; — 1,..., e, — 1 respectively, such that

Um = fi(m)w + ...+ fr(m)w” for m=0,1,2,.... (8.3)

We call k the order and r the rank of U. We say that U is non-degenerate
if w;/w; is not a root of unity for 1 <7 < j <r, and degenerate otherwise.
If U is degenerate, then there exists a positive integer v such that each

sequence {Ustmo oo (0 < £ < v) is either non-degenerate and of rank
less than r or identically zero.

The following theorem can be derived from the Main Theorem on
S-Unit Equations.

Theorem 9. Let R be a subring of C which is finitely generated over
7 and let U = {um}P—, be a non-degenerate recurrence sequence in C
of rank at least 2. Then there are only finitely many pairs of integers
(m,n) for which a {m,n € R\{0} ezists such that

(mnlm =Up, m>n20. (8.4)
This is a slight generalisation of Theorem 3 of Evertse [20] which gives

the result when R is a finitely generated multiplicative subgroup of the
field of algebraic numbers.
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Before discussing the proof, we state some consequences of Theorem

9.

Corollary 9.1 (Skolem, Mahler, Lech (53]). Let U = {um}_, be a
recurrence sequence in C for which the set M= {m: un = 0} is
infinite. Then M 1is ultimately periodic (i.e. there are positive integers
mo and v such that m € M implies m+v € M for all m > my).

Proof. It is easy to check that M is finite if U has rank 1. Suppose
U has rank at least 2 and M is infinite. Then U is degenerate by
Theorem 9. Hence there exists an integer v such that each sequence
{Ugsmo} Sy is either non-degenerate, whence has only finitely many
zeros, or is identically zero. B

The following statement was made by Glass, Loxton and van der
Poorten [27].

Corollary 9.2. Let U = {um}o— be a non-periodic non-degenerate
recurrence sequence in C. Then there are only finitely many pairs of
integers m, n with m >n >0 and um = Un.

Proof. If U has rank 1, then um = u, implies
film)wl® = fi(n)wr.

If f; is constant, then w; is a root of unity and U is periodic, which
contradicts our assumption. If f; is non-constant, then, by m > n,
|fi(m)| > | f1(n)| for m sufficiently large. Hence |w;| < 1. Put f1(X) =
aXt+ a; X1+ ... 4 ag with ag # 0. Then

¢
laol + - Yici la;l 14 ¢/m

1 < lel—l < |w1ln < =
£
Ia0|——; E j 1|a'j| 1 c/n

for some ¢ > 0. This implies that n is bounded. Since u, # 0 for
m large, we have u, # 0, hence [ f1 (n)wﬂ is bounded from below by
a positive constant. We have fi(m)w]® — 0 as m — oo. Thus m is

bounded.

If U has rank at least 2, then Corollary 9.2 follows at once from
Theorem 9. [ |

The next result was proved by Pélya [64] in 1921 in the case that
all the u,, are rational.
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Corollary 9.3. Let G be a finitely generated multzplicative sub-
group of C* and let U = {“m}m-—o be a recurrence sequence such
that um € GU {0} for m = 0,1,2,.... Then the formal power series
S o UmX ™ i3 equal to

B; X!
Z1101 X

where £ > 1 i3 an integer and a1,...,a4,B1,..., B are complex numbers
with a1, ...,0¢ # 0.

Proof. We first prove Corollary 9.3 in the case when U has rank 1, that is
uUm = f(m)a™ where a € C* and f € C[X]. Suppose that u,, € GU {0}
for m = 0,1,2,.... Let G' be the multiplicative group generated by G
and . Then f(m) € G' U {0} for m =0,1,2,.... We shall prove that f

is constant.

There exist complex numbers ¢y, ..., ¢k such that

fX+k)=af(X+k—-1)+...+cf(X) identically in X.

We suppose that k is minimal, hence ¢; # 0. Choose mp such that
f(mo) # 0 for m > my. By assumption, we have for m > mg that
(f(m+k), f(m+k—1),..., f(m)) is a solution of the equation

CoTk + C1Tk—1 + ...+ ckzo =0

in zg,...,zr € G' (where ¢g = —1). (8.5)

For each proper non-empty subset J of {0,...,k}, there are only
finitely many m with ZjEJij(m + k —3) = 0, since the polynomial
2 jes¢if(X +k—j) does not vanish identically in X. Hence there is an
my such that for m > my, (f(m+k),..., f(m)) is a solution of (8.5) with
> jercitr—j # 0 for each proper non-empty subset J of {0,1,...,k}.
We obtain from Theorem 1’ that f(m + k)/f(m) assumes only finitely
many values for m = 0,1,2,.... Since f(m + k)/f(m) — 1 as m — oo,
this implies that f is constant. Hence u, = Ba™ for m =0,1,2,... and
therefore

oo - ﬂ
Z_;OumX T 1-aX’

Now suppose that U has order at least 2. By Theorem 9, U is
degenerate. Hence there is a v such that the sequences Up = {Us+mv }50=0
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(0 € £ < v) are either non-degenerate or identically zero. But the non-
degenerate sequences among the Uy must have order 1. Now Corollary
9.3 follows by applying the result for recurrence sequences of rank 1. ®

Recently, Bézivin [6] proved the following result by applying Theo-
rem 1'.

Let G be a finitely generated multiplicative subgroup of C* and
let F(X) = 3% jumX™ € C[[X]] be a formal power series with the
following properties:

(2) there are polynomials f,..., fx € C[X] such that

k
Zf,-(m)um+i =0 form=0,1,2,... (8.6)
=0
and
(b) there are sequences {c_,'(m)}:lo=0 (1 £ 5 < ¢), with entries in GU {0}
such that .
Um =Zc,~(m) form=0,1,2,.... (8.7)

i=1

Then F(X) is the Taylor expansion around the origin of a rational
function with only simple zeros.

Using Bezivin’s result, PSlya’s result can be extended to a recurrence
sequence {um }5o, satisfying a relationship of type (8.6). A relation of
type (8.6) is satisfied if F(X) is the Taylor expansion of an algebraic
function around the origin.

We now turn to the proof of Theorem 9, which resembles the proof
of Theorem 3 of [20]. We shall only work out in detail the new ideas.
The lemma below is used to reduce Theorem 9 to the case that R is
contained in the field of algebraic numbers A.

Lemma 2. Let R C C be a ring which is finitely generated over Z
and let V be a finite subset of R such that V does not contain 0 or
a root of unity. Then there exzists a ring homomorphism ¢ : R — A
(“specialisation”) such that ¢ is invariant on RN Q and, for each o in
V, ¢(a) #0 and $(a) is not a root of unity.

Proof. Let K be the quotient field of R. Then K is finitely generated
over Q, whence K = Q(x;y) where x = (21,..., ;) is a tuple of numbers
which are algebraically independent over @ and y is integral over the ring
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1[x] = Z[z1,...,z¢). Thus y is a zero of a polynomial F(x;Y") which is
irreduciblein Z[x, Y] and has leading coefficient 1. Thus R can be written

as
Re7 [fl(x§ y) | fdx y)]
p(x) p(x)
where f1,...,fe € Z[x;Y] and p € Z. Hence R is contained in the ring

= [ f(x;y) }

R=q——5: fellx;Y,n€Z,n>0,.
{5 renmy

Each pair X, § with £ = (&,,...,%:) € Z! with p(X) # 0 and F(X,Y)

not identically zero in Y and § a zero of F(X,Y), defines a ring homo-

morphism ¢ : R — A with

5 (f(x, y)) _f&9)

p(x) )

()

The image of ¢ is contained in the algebraic number field Q(¥) of which
the degree is bounded by [K : Q(x)] . Hence there is an integer m > 0,
independent of X and §, such that every root of unity p in 45(12) satisfies
pm =1

Let Gi,...,G, denote the minimal polynomials in Z[x;Y] of the
elements of V. Choose X € Z' such that p(X) # 0, F(%;Y) is not
identically zero and G;i(X;a) # 0 for each ¢ in {1,...,v} and a € {0} U
{p:p™ =1}. (Note that no G;(X,«) is identically zero). Let § be a
zero of F(X;Y). It is now obvious that ¢, defined by X and §, satisfies
the assertion of Lemma 2. |

Proof of Theorem 9. Let U = {um}3o_, be a non-degenerate recurrence
sequence of rank r > 2. Then there are non-zero polynomials f; € C[X]
and w; € C* for ¢ = 1,...,r such that

Um = Zf,-(m)w;" for m=0,1,2,...
i=1

and w;/w; is not a root of unity for 1 <7 < j < r. Let R C C be a ring
which is finitely generated over Z, and let K be the smallest subfield of
C which contains R, wy,...,w, and the coefficients of f1,..., fr.

We first show that it suffices to show Theorem 9 in the algebraic
case, i.e. when K C A. So suppose that Theorem 9 holds in the algebraic
case and that K/Q is transcendental. Let R be the ring generated by R,
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the coeficients of fi,...,fr and wi,...,wr, wil,...,wrl. By Lemma
2 there is a specialisation ¢ : R — A such that ¢ maps non-zero coef-
ficients of the f; on non-zero numbers, and all quotients w;/wj (¢ # 3)
on numbers different from 0 and roots of unity. Then ¢ maps U on the
sequence U := {iin} 2 := {¢(u"")}:=o where

U =Zf~,-(m)&),7" form=0,1,2,...,

=1

fi € AlX] and & = ¢(w;) € A*. Obviously U is a non-degenerate
recurrence sequence of rank r > 2. Let (m,n) be a pair of integers with

m>n2>0, Cm,nlm = Un,

(mn € RMO},  (mpn=1 ifup,=0. (8.8)
Then, on putting R = ¢(R), (mn = #(Cm ), we obtain
Gm,nﬁm = Un, Em,n € R. (8.9)

R is finitely generated over Z, but Q:m,n may be 0. However, from Theo-
rem 9 in the algebraic case it follows that there is an ng such that @, % 0
for n > ng, whence (8.9) is satisfied by at most finitely many pairs m, n
with m > n > no. We infer that (8.8) is satisfied by only finitely many
pairs m, n with m > n > ng. To prove that (8.8) holds for only finitely
many pairs with n < ng, take a specialisation ¢’ having the same prop-
erties as ¢ and the additional property that ¢'(u,) # 0 for each n < ng
with u, # 0, and repeat the arguments given above.

We shall now prove Theorem 9 in the algebraic case. Henceforth,
the field K is an algebraic number field and S a finite set of places on K
containing the infinite places, such that all non-zero coefficients of the
polynomials f; and all w; ( = 1,...,r) are S-units, and such that all
elements of R are S-integers.

‘We shall need two other lemmas.

Lemma 3. Let p € A(X) be a rational function with no poles outside
the disc {z € C: |z < A} and let o € A*. If there are infinitely many
pairs of integers m, n with

m>n Z A, p(m)am = p(n)an

then p is constant and « is a root of unity.
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Proof (cf. [77] pp. 84-85). We assume that

X tar X'+ ...+ X +a

p(X) = X4 b1 X1+ ...+ b5 X + b

which is no restriction. Let P(z) be the rational function obtained from
p(z) by replacing all coefficients of p by their complex conjugates. If
k # £ we put F(X) = p(X)p(X)(a®@)X and if k = £ and a is a root of
unity of order ¢ say, we define FI(X) to be a non-constant function from
{p(X)* +B(X)7, i(p(X)? — B(X)?)}. In both cases p(m)a™ = p(n)a™
implies F(m) = F(n), and there is an o such that F(z) is monotone for
z > z¢. We conclude that p(m)a™ = p(n)a™ for at most finitely many
pairs of integers m, n with m > n.

We now consider the remaining case: k = £ and « is not a root
of unity. We suppose |a| < 1 which is no restriction. By ¢, ¢, ... we
denote (effectively computable) numbers depending only on « and p.
We have |p(m) - 1| < ¢1/m for m > my. Hence, for m > n > my with
p(m)a™ = p(n)a”,

o™ = 1] < la ™" [1 = p(m)| + |p(n) — 1| < .

On the other hand, by Baker’s theorem [3] (which is the analogue of
Lemma la) for algebraic numbers) we have, noting that « is not a root
of unity,

[a’"—" - 1| > Im - nl—cs.
Hence
n < cy(m —n)°. (8.10)
By assumption, « is not a root of unity. Hence there is a valuation |. |,
on the smallest number field K containing « and the coefficients of p
with |al, 1= ¢ > 1. Therefore

Cgl—n = IO{!T—" = ‘ p(n) S C7'I’I’7.c8

p(m)

which implies m — n < cg logm. Together with (8.10) this shows that

v

m=n+m-—n<c(m—n)®+m-—n <co(logm)t.

Hence m is bounded. ]

The next lemma was already stated in van der Poorten and Schlick-

ewei [67].



150 S-UNIT EQUATIONS

Lemma 4. Let T be a finite set of places on K, containing S. Then for
every € with 0 < € < 1 there is an mq depending only on € and T such
that for all m > my,

IT lumlo > { T mex(lerlos - forls)

veT vES

m(l—e¢)
}7 T >0 (8.11)

Proof. We shall prove Lemma 4 by induction on r. For r = 1, Lemma 4
is obvious. Suppose that (8.11) holds for all non-degenerate recurrence
sequences of rank less than r where r > 2 (induction hypothesis). We
have the identity

Um = Y fi(mw =0 form=0,1,2,.... (8.12)

i=1

By the induction hypothesis, there is an m; such that no proper, non-
empty subsum of this sum vanishes for m > m;. Let 0 < e < 1. Let H,,
be the projective height of the projective point (um : —fi(m)wl® : ... :
—fr(m)w™). It is easy to show that there is an my = ma(e,T) > my

such that }m(l —/5)

H, > {H max(|wy v, ..., |wrlv)

v€ES

for all m > mg. Moreover, there is an m3 = m3(e,T) > m2 such that
for all m > ma,

I1 ITlsem)er|, < B3,

veET i=1
since all w; are S-units. If m > m3 does not satisfy (8.11) then

T (1ol TLIiCmpor], ) < BEY ™5 < razere
v€T i=1

Recall that um and the fi(m)w! are all T-integers. Together with the
Main Theorem on S-Unit Equations this implies that there are only
finitely many projective points Pm = (um : fi(m)w™ : ... : fr(m)wr™)
such that (8.11) is not satisfied. For each projective point o, there are
only finitely many m with P,, = a. For if there were infinitely many

such m, then there would be infinitely many pairs (m,n) withm > n
and

filmw®  fo(m)w]

AP fa(n)wd ’

whence
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fi(m) (ﬂ)m _ A (ﬂ)"

f2(m) \w2 fa(r) \w2 /)
The latter is impossible by Lemma 3. This completes the proof of Lemma
4, i

Suppose that there are infinitely many pairs m, n with m >n >0
for which a (m,n € R\ {0} exists such that (m, nttm = up, i.e.

> Cmnfilm® = 3 filn)el =0.

i=1 i=1

Then there are pairs of subsets (I, J;) of {1,...,7r}, for j = 1,...,¥,
such that Uj___l I = Uj-=l J;={1,...,r}, the sets I; and the sets- J; are
pairwise disjoint, at least one of I}, J; is non-empty, there is an infinite
set V of pairs (m,n) for which

m>n>0, Y Cnafilm+ Y (=fi(n)wl) =0 (8.13)

i€l; i€J;

and no proper, non-empty subsum of this sum is 0.

We shall show that the cardinality of each I is at most 1. Suppose I;
contains two subscripts, which, for convenience, are taken equal to 1 and
2. Let Py n be the projective point with entries (m, nfi(m)w!™ (z € I;)
and —fi(n)w? (i € J;). Then the entries of P, , are all S-integers.
Moreover there are infinitely many different points among the Py, » with
(m,n) € V, for the sequence of m with (m,n) € V is unbounded, and
by Lemma 3 there are only finitely many pairs (my,m2) with m; < ma,
(m1,n1) €V, (ma,n2) €V and

thnl = Pm:.nzs
fr(m1) (ﬂ)m‘ _ filma) (ﬂ)m’
f2(m1) \ w2 f2(m2) \we '

Let Hp,n denote the height of Py ,. It is easy to check that for m
sufficiently large,

whence

Hpp > C4M/3 (8.14)

where

C =TT max(jwrly, [walo)-

vES
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By enlarging S if necessary, we may assume that Hveslu"l” <
Cln(HK/m') for all n > 0 where x = logC/logC; and ¢ =

Huesmax(lwllv’ Tt ‘wf‘”)' By Lemma 4 we have for m sufficiently
large, that
H [tmo > Clm(l-—tc/IOr)‘
vES
Hence
H ‘Cm,nlv = H .E.‘_E. _<. C§rn+n)n/10r S Cm/5r‘
vES veS Um v

This shows that for m sufficiently large, in view of (8.14)

II (H |Gmnfi(m)o ], ] ifg(n)w?|v> <cms < HY2.

vES i€l; ieJ;

By Theorem 1, we obtain that there are only finitely many projective
points P, , and this yields a contradiction. Therefore no set I; or Jj
can have cardinality larger than 1.

We infer that there is a permutation o of (1,...,n) such that for all
(m,n)in V

Cm,nfi(m)w = fo(i(n)wg. (8.15)

If o is the identity, then there are infinitely many pairs (m,n) with

fi(m) (‘il_)m _ filn) (ﬂ)"
fa(m) \ w2 fa(n) \w2 /)’
which is impossible in view of Lemma 3. If o is not the identity, we derive

a contradiction as follows (cf. [20] pp. 242-243). Let : € {1,...,n} such
that 7 # o(1), and put

bt = Wot (i) [wotsr(iyy @ = farrr(n(n)/ foe iy (m).
Then, by (8.15),

op = 2 g7, for£=0,1,2.... (8.16)
ge+1

Let u be the order of 0. Then 6, = 6, ¢, = go. By starting with 5"
and applying (8.16) p times, we find

em“—-n“ . ombPT gkl i Za mEl qmpeSp2 pe-2, nt=l_mnpr-2
0

=40 1 2 SRR ] .
(8.17)
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All exponents are divisible by m — n. Choose a valuation |.|, with
|80lo = ¢ > 1. Then the v-adic valuation of the left-hand side of (8.17)
is bounded from below by c’""—l(""‘"), while the v-adic valuation of
the right-hand side is bounded from above by merm*~*(m=n) for some

constant ¢;. This shows that m is bounded. Thus the proof of Theorem
9 is complete. ]

Lewis and Turk [55] studied the solubility of equation um = aun,
in integers m > n where U = {u,}3%~, is a non-degenerate recurrence
sequence and a some complex number. They gave various upper bounds
which should be treated with care, since not all results are well stated.
The methods are however correct and some of them are quite interesting,
but they do not involve S-unit equations.

§9. Applications to recurrence sequences of algebraic numbers

‘We shall use the notation of §8 and consider recurrence sequences of
algebraic numbers U = {um}3_,. We assume that U is non-degenerate.
It then follows that the coefficients c¢; of the minimal recurrence relation
(8.2), the roots w; of the companion polynomial and the coefficients
of the polynomials f; are all algebraic (cf. [77] Ch. R). Let K be an
algebraic number field which contains all these algebraic numbers. By
an argument similar to that employed in the proof of Lemma 4 in §8, van
der Poorten and Schlickewei [67] proved that for every positive e there
exists a positive number C; depending only on U and € such that

fum| > €1 ( max_wil) 79" 9.1)

for m = 1,2,.... This inequality should be compared with the opposite
inequality
+

[um| < Cg(i__l_rlla,xr |w,~|)(l am
for some effectively computable number C; depending only on U and e,
which follows directly from (8.3). Inequality (9.1) says that cancellation
of terms in the sum on the right-hand side of (8.3) can occur only to a
very limited extent (in the algebraic case).

For a € K* we define Px(a) (P{(a), respectively) to be the max-
imum of the norms of prime ideals p such that for valuations v corre-
sponding to g one has |a|, # 1 (Ja], < 1 respectively) if such prime
ideals p exist and Px(a) =1 (P#(a) = 1, respectively) otherwise. Fur-
ther we put Px(0) = P#(0) = 0. We assume that U is non-degenerate
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and of rank at least 2. Van der Poorten [66] noticed that Theorem 1
implies that Px(um) — 0o as m — co. Evertse [20] generalised this by
proving

lim  Py(um/un) = co. (9.2)

M—0co
m>n

UnF#0

Theorem 9 implies the following stronger result.

Corollary 9.4.
: + =
"';111__?? Pr(um/un) = o0.

upF#0

Proof. 1t follows from Corollary 9.1 that umu, # 0 for m > n > ne. Put
(m,n = Un/um for these values of m and n. Suppose there are infinitely
many pairs (m,n) with m > n > ng such that P}(um /uxn) is bounded
from above by M. Let S be the union of all infinite places on K and
all finite places corresponding to prime ideals on K with norms at most
M. Then the cardinality of S is finite. Further, (m » is an S-integer for
infinitely many pairs m, n with m > n > no. The S-integers form a
finitely generated subring of C. Thus Theorem 9 implies that there are
only finitely many pairs m, n with m > n > ng such that (mn is an
S-integer, a contradiction. |

Since the proof of Theorem 1 is ineffective, it is impossible to derive
lower bounds for Py (um) or P}(um /un) from the proof of Theorem 1.

If k =r = 2, then (8.3) becomes
Um = awy' + Pwyt  (m=0,1,...) (9.3)

and it is possible to apply Theorems 2-5. We assume

wy # we, w = |wy| 2 |we| >0, (0.4)
wj /w2 not a root of unity. .

Let S be the smallest set of places on K containing all infinite places
such that a, 3, w; and w, are all S-units. Theorem 2 implies that for any
non-zero complex number A the equation u,, = A has at most 3 x 7¢+2s
solutions where d is the degree of K and s the cardinality of S. Theorem
3 implies that for given roots w; and w, there are only finitely many
equivalence classes of recurrence sequences such that u,, = A has more
than two solutions m. If u,, € Z for m = 0,1,.. ., then results of Kubota
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[49] and Beukers [4] imply that u, = A has at most four solutions m.
Upper bounds for the number of subscripts m with u,, = A in the case
that (9.3) yields a sequence of rational numbers, or even just algebraic
numbers, are contained in the papers of Kubota [49] and Beukers and
Tijdeman [5].

Since the proofs of Theorems 4 and 5 are effective, it is possible to
derive effective bounds for sequences (9.3). First we state some results
in case um € Z for all m. Stewart [85] proved by Baker’s method that
there exist effectively computable numbers C3 and m; depending only
on a and B such that

Ium| > wm-—Cslogm

(m = my).

Parnami and Shorey [62] used this result to prove that u,, = u, with
m > n implies that m is bounded by an effectively computable constant
and Shorey [76] even derived lower bounds for |u,, — un|. In the latter
paper Shorey also proved that

1/(d1+1)
P*(tm/un) > Cs ( )

logm

where d; = [Q(wl) : Q] and Cy is an effectively computable number
depending only on U. Stewart [86] and Shorey [75] also considered lower
bounds for the greatest squarefree factor of u,.

It is possible to generalise most of the above mentioned results to
arbitrary algebraic recurrence sequences in K. Further Mignotte, Shorey
and Tijdeman [58] have extended some results to the case r = 3. Their
main result is that there exist effectively computable numbers C5 and
ma such that

lum| > w™ exp(—Cs(log m)?) (m > ma).

It seems impossible to prove such a result by Baker’s method for r larger
than 3. For these and related results, see Shorey and Tijdeman [77] Ch.
R, 2,3, 4.

§10. Applications to irreducible polynomials and arithmetic
graphs

Let K be an algebraic number field, and S a finite set of places on
K containing Se.. Let N be a positive integer. For any finite subset



156 S-UNIT EQUATIONS

A = {o1,...,am} of Os with m > 3, we denote by Gx (A4, S,J\T) the

aph whose vertex set is A and whose edges are the unordered pairs a;,
: i i) = ; — o; | 5 N. If in particular
a; such that Ns(ai — &j) = [[,eslai — o5l > N. P .
S = S0, then we shall denote this graph simply by Gk (A, N). Many c‘ho-
phantine problems, for instance related to irreducibility of polynon'ua'ls
(see Theorem 12), decomposable form equations (see §11) or algebraic
number theory (see §12), can be reduced to the study of connec.tedness
properties of graphs Gx(A,S,N). Such properties are stated in The-
orems 10 and 11 below and these theorems can be used to solve the
diophantine problems mentioned. Before stating Theorem 10, we intro-
duce some terminology. If G is a graph, then, as usual, |G| and G denote
the order (the number of vertices) and the complement of G, respectively.
The triangle hypergraph GT of G is that hypergraph whose vertices are
the edges of G and whose edges are the triples of edges of G that form a
triangle.

Theorem 10 (Gyéry [35], [42]). Let m > 3 be a rational integer, A =
{a1,...,am} a subset of Og and Gi,...,G, the connected components
of G=G(A,S,N) such that |G1| > |G2| = ... > |G¢|. Then at least one
of the following cases holds:

i)£=1and Gor -Q—T 18 not connected,;
ii) £=2,|G2| =1 and G, is not connected;
i) £=2,2 < |G| < |G1] and both G; and G, are complete;

iv) there is an € € Us and for every pair i, j with 1 < i < j < m there
is an ai; € Og such that

Qi — Q5 = €45

and
max h(e;) < exp{(c1s)**P**log 2N}
i,

where c1, ¢y are effectively computable numbers depending only on m, d
and Dg.

Except for certain trivial situations, each of the cases i) to iv) can
occur (cf. [35]). The graphs Gk (eA + 3,5, N) have obviously the same
structure for every € € Ug and # € Og. It follows from Theorem 10 that
apart from translation by elements of Og and multiplication by elements
of Us, there are only finitely many m-tuples A = {a1,...,amn} for which
Gk (A, S, N) is not of the type i), ii) or iii) and all those A can be, at
least in principle, effectively determined.
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Theorem 10 is proved by repeatedly applying Theorem 4. We sketch
some ideas behind the proof of Theorem 10:

Suppose 1), ii) and iii) do not hold. Then one can prove that

a) G and its triangle hypergraph ‘g‘T are connected; or
b) G has two connected components of order > 2 of which at least one
is not complete.
We shall sketch the proof that iv) holds in case a). Let {ai,aj,ar} be
=T
an edge of G . Then

Ns(ai —Olj) <N, Ns(aj—ai)< N, Ng(ar —a;) < N.

This implies that «; — aj, a; — ak, o — o; are S-units where S is a
finite set of places which contains S and depends only on N, K and S.
Moreover,

G-y ok

Qi — Uk o — Qg

By Theorem 4 this implies that there are only finitely many possible val-
ues for the quotient (a; —a;)/(aj—ax), which can all be effectively deter-
mined. If {a; , ax, as} is another edge ofaT, then (aj—azx)/(ar — ag) be-
longs to a finite, effectively determinable set, and so (a; — aj)/(ar — ar)
must belong to such a set. By continuing this argll‘lment, it follows that
for any two connected pairs (a;, @), (@p, @g) in G, (i —aj)/(ap — ag)
belongs to a finite effectively determinable set. But _GT is connected,
hence for each quadruple (ai, a;, ap, ay) for which [a;, a;] and [ap, ay]
are edges in G, the quotient (a; — @j)/(ap — @q) can assume only finitely
many values which can be effectively determined. Fix p and ¢. Since G
is connected, each pair (a4, as) can be connected by a path in G. By
summing over all terms (a; — «j)/(ap — a4) for the edges in this path
we obtain that for each pair (a,b) the quotient (agq — a3)/(ap — ag) can
assume only finitely many values which can be determined effectively.
Since Ng(ap — ag) < N, we have a, — ay = apqe where € € Us and a4
belongs to a finite set which can be effectively determined. From these
facts it follows easily that o, — ap = agpe for each pair (aq, 03), where
€ € Ug, and each a4, belongs to a finite set which can be effectively
determined. This proves (iv).

If the order of § = Gk(A,S,N) is large enough then G cannot
have property iii). This fact plays a crucial role in some applications to

irreducible polynomials (see below and [41]) and polynomials of given
discriminant (cf. §12 and [38]). Gyéry [35], [42] proved the following
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theorem but with a weaker estimate for |G| than (10.1), since he used a
weaker version of Theorem 2.

Theorem 11. Let A be a finite subset of Og and let G = Gk (A,S,N).
There ezists an effectively computable positive number cs, depending only
on d and D, such that if

1G] > csT* N? (10.1)

then G has at most two connected components, and one of them is of
order at least |G| — 1.

For certain more general (but ineffective) versions of Theorems 10
and 11, see Gydry [40]. Theorems 10 and 11 are slightly modified versions
of Theorems 1, 2 of [35].

Theorems 10 and 11 have applications to irreducible polynomials.
Here we shall present a consequence of Theorem 11. I. Schur and later
A. Brauer, R. Brauer and H. Hopf investigated the reducibility of poly-
nomials of the form g(f(X)) where f, g are monic polynomials in Z[X],
g is irreducible over Q@ and the zeros of f are distinct elements of Z.
For a survey of results in this direction, see [29], [41]. Gydry [28], [29],
[41] extended these investigations to the case that the zeros of f are
in an arbitrary totally real algebraic number field K of degree d. Let
A= {a1,...,am} € OF be the set of zeros of such a monic polynomial
f € Z|X] and suppose that g € Z[X] is an irreducible monic polyno-
mial whose splitting field is a totally imaginary quadratic extension of
a totally real number field. Consider the graph ¢ = Gk (A, N) with the
choice N = 2d|g(0)ld/ degls) Gyoéry [28] proved that if this graph G has
a connected component with k vertices, then the number of irreducible
factors of g(f(X)) over Q is not greater than deg(f)/k. This estimate

is in general best possible (cf. [29]). Therefore, Theorem 11 implies the
following

Theorem 12. Let f,g € Z[X] with the properties specified above. There

18 an effectively computable number c, depending only on d, hx and
Dy, such that if ,

deg(f) > c4|g(0)|2/d°8(9)
then g(f(X)) is irreducible over Q.

This theorem was proved by Gyd: i i

T ry [41] with a slightly weaker but
explicit 1owe? bound for deg(f) and in the more general case that the
ground field is an arbitrary totally real number field (instead of Q).
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§11. Applications to decomposable form equations

Decomposable form equations form a very important class of poly-
nomial diophantine equations. Many problems in number theory can be
reduced to such equations. The most important types of decomposable
form equations are Thue equations, norm form equations, discriminant
form equations and index form equations. There is an extensive litera-
ture of equations of these types, and this will be the theme of the next
memoir [25] in these Proceedings. Here we shall restrict ourselves to the
application of unit equations to decomposable form equations. As will
be seen, finiteness problems for decomposable form equations are in fact
equivalent to finiteness questions concerning unit equations.

Let F'(X,, X2) be a binary form with coefficients in Ok and splitting
field G over K. Let § € Ok \{0}. By using their results on approxima-
tions of algebraic numbers, Thue [89] (in the case K = Q) and Siegel
[78], [80] showed that if

(a) F has at least three pairwise linearly independent linear factors in
its factorisation over G

then the equation

F(zy,22)=f inz,z; €Ok (11.1)

has only finitely many solutions. Equation (11.1) is called a Thue equa-
tion over K. Further, as was (implicitly) pointed out by Siegel [79], [80],
any unit equation in two variables (over K) can be reduced to a finite
number of Thue equations (over K) and conversely, any Thue equation
over K leads to a finite number of unit equations in two variables (over

an appropriate extension of K). Indeed, since Uk is finitely generated,
every solution of

v+ av=1 inu,v € Uk (11.2)

(where @1,a2 € K*) can be written in the form u = u'z}, v = v'zP
where n > 3 is a given positive integer, z;,z; € Uk, and u',v’ € Ux can
assume only finitely many values. Hence (11.2) reduces to finitely many
Thue equations

(aqu')z] + (av')zl =1  in z;,z, € Ok.

We shall now show how the finiteness of the number of solutions of
(11.1) follows from the fact that any equation of the form (11.2) has
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only finitely many solutions. After multiplying (11.1) by an appropriate
rational integer, (11.1) takes the form

6(x)... La(x) =B inx=(z1,22) € Ok (11.3)

where the £;,(X) (¢ = 1,...,n) are linear forms in X, X with coefficients
in the ring of integers Og of G. For every solution x of (11.3), each £;(x)
divides #' in Og, and hence lies in a finite number of cosets of G* with
respect to the unit group Ug. If now e.g. 41, €3, £3 are pairwise linearly
independent, then

a4X) |, 6X) _
6(X) T h(X) .
for appropriate A;,A; € G*. The numbers £;(x)/43(x) and £3(x)/{3(x)
are contained in a finite number of cosets of G* with respect to Ug,
hence (11.3) yields a finite number of unit equations

A 1

w+Xv=1 inu,ve€ Ug.

For every solution u, v of this equation, £;(x)/43(x) = u, £3(x)/l3(x) = v
determine ¢;(x), £2(x), £3(x) and hence x, up to a proportional factor
which can be determined from (11.3). There is a similar relationship
between Thue equations over Og, i.e. equations of the type

F(zy,22) =8 inz,z2 € Os (11.1)

and S-unit equations in two variables (with not necessarily the same
ground field and set of places S). Cf. Mahler [56] and Parry [63].

Thanks to Baker [1] and others, it turns out that the above argu-
ments can be made effective and Theorem 4 (as well as its other versions)
can be applied to obtain effective results for Thue equations. Baker [1],
(2] proved (implicitly) the first version of Theorem 4 (for ordinary units)
and used it to make effective Thue’s and Siegel’s finiteness theorems
mentioned above by giving explicit upper bounds for the heights of the
solutions of (11.1). Coates [11], [12], in the case K = Q, and Gyéry [37],
[39], in the general case, extended these results to equation (11.1"). By
using (a more explicit version of) Theorem 4, it was shown in [37], [39]
that all solutions z;, z; of (11.1') satisfy

max{h(z1), h(z2)} < eXP{(CIS)C”PdH}

where ¢; and ¢, are positive numbers depending only on B, F and K
(which were given explicitly in [39]).
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By means of (a generalisation of) Theorem 2, Evertse [19] and later
Evertse and Gyéry [22] derived explicit upper bounds for the numbers of
solutions of (11.1) and (11.1') which are independent of the coefficients
of F. In [22], the bound

4n x 729(d+s+w(ﬁ‘))

has been obtained for the number of solutions of (11.1’) Wwhere n =
deg(F), ¢ = [G : K] (hence 1 < g < n!) and w(f) denotes the number
of distinct prime ideal divisors of (8).

As a generalisation of (11.1) and (11.1'), consider the decomposable
form equations

F(zy,...,em)=0 inz,...,z, € Ok (11.4)

or, more generally,
F(zy,...,2m)=p inzy,...,zm € Osg (11.4")

where F(X) = F(X1,...,Xn) is a decomposable form in m = 2 variables
with coefficients in Ok, i.e. a homogeneous polynomial which factorises

into linear factors, ¢;(X),...,£,(X) say, over some finite extension G of
K.

In the case that F is a norm form and K = Q, Schmidt [72] and
Schlickewei [71] gave finiteness criteria for (11.4) and (11.4"), repectively.
Their proofs are based on Schmidt’s Subspace Theorem and its p-adic
generalisation (cf. §4) and are ineffective. For generalisations to norm

form equations over arbitrary finitely generated domains over Z, see
Laurent [52].

(11.4) and (11.4') can be reduced to unit equations in a similar way
as in the case m = 2 described above. Any linear relation A; 4, +...+
Aifi, = 0 with A;,..., A, € G* leads to finitely many inhomogeneous
unit equations in r — 1 variables. But in contrast to the case m = 2,
where one linear relation with r = 3 was enough, in general several linear
relations are needed to prove the finiteness of the number of solutions of
(11.4) and (11.4'). Gyéry (partly with Papp) extended the above method
of reducing Thue equations to unit equations to all decomposable form
equations in m (> 2) variables whose system of linear factors Lo =
{1,...,€,} satisfies the following conditions:

(b) rank Lo = m;
(¢) Lo can be divided into subsets £y, ..., Ly such that if |£;| > 2 for
some 7, then for each ¢, ¢’ with £;, £;y € L; there exists a sequence



162 S-UNIT EQUATIONS

¢; =4iy,..., 0, = £y in L; with the property that for ¢ = 1,.. z r—-*l
there is a linear combination of £;, and ;,, , with coefficients in G*,
which also belongs to Lj;

(d) There is a k with 1 < k < m such that X can be expressed as a
linear combination of the forms from £; for each j in {1,...,h}.

By using Theorem 10, Gyé&ry [37], [39] showed that under. assump-
tions (b), (c), (d), equation (11.4") has only finitely many solutions vath
zx # 0 and he gave an effective bound for the heights of thc? solutions.
The condition zj # 0 is necessary in general, but if A = 1 in (c) then
conditions (d) and zx # 0 can be dropped. This is always the case for
Thue equations. Then & = 1 and (b), (c) are equivalent to condition (a).

Important special types of decomposable form equations are the
discriminant form equation

Dyyk(aazi + ...+ amzm) =F inz,...,2;m € Os, (11.5)
and the norm form equation
Nuyyr(aoZo+ ... + amem) =4 inxo,...,2m € Os, (11.6)

where a9 = 1, M = K(aq,...,an) is a finite extension of K,
1,a1,...,am are linearly independent over K, and Dy g and Nz i de-
note the discriminant and norm over K, respectively. As an application
of his result on decomposable form equations with properties (b),(c),(d),
Gyéry [39] gave explicit upper bounds for the heights of the solutions of
(11.5) and (11.6), where in (11.6) he assumed that

[K(ao, ..., @it1): K(ao,...,0;)] >3 fori=0,...,m—1.

Gydry [36], [39] derived several results on index form equations and
algebraic number theory from his result on (11.5).

Recently, Evertse and Gydry [25] replaced conditions (b),(c),(d) by
the slightly weaker condition (e) of Theorem 13. To state this theorem
we need some further notation. Let £* be a maximal set of pairwise
linearly independent linear factors of £o. For any subspace V of K ™ let
r(V,£*) denote the minimum of all positive integers r for which there
are £;,,...,4; in L* whose restrictions to V are linearly dependent, but
pairwise linearly independent. If this minimum exists, then r(V,L*) > 3.
Otherwise we put 7(V,£*) = 2. Let £ D L£* be a finite set of pairwise
linearly independent linear forms in Xj,..., X, with coefficients in G.
By applying Theorem 4 the following result can be proved.

Theorem 13. (Evertse and Gyéry [25]). Suppose that
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(e) for every subspace V of K™ of dimension > 2 on which none of the
forms in L vanishes identically, we have r(V,L*) = 3.

Then there ezists an effectively computadble number c3, depending only
on K, S, F and B, such that all solutions of the equation

F(x) = F(z1,...,z2m) =B inx € OF
with £(x) # 0 for all L€ L (11.7)

satisfy max h(z;) < cs.
1

If in particular £ = £*, then equation (11.7) reduces to (11.4') and
Theorem 13 provides an effective bound for the solutions of (11.4'). In
[25], Theorem 13 is proved under a slightly weaker assumption which
involves only a finite and effectively determinable collection of subspaces

V of K™.

The next result can be deduced from Theorem 2.

Theorem 14 (Evertse and Gydry [22]). With the above notation and
under assumption (e), the number of solutions of (11.7) is at most

n(4 x 729(d+s+w(3)))m-1_

It is a remarkable fact that this bound is independent of the coefficients
of F. As a consequence of Theorem 14, Evertse and Gyéry [22] derived
also explicit bounds for the numbers of solutions of (11.5) and (11.6),
with similar conditions as for the effective results.

An application of Corollary 1.2 led to the following general finiteness
criterion for decomposable form equations.

Theorem 15 (Evertse and Gydry [24]). The following two statements
are equivalent:

(f) For every subspace V of K™ of dimension > 2 on which none of
the forms in L vanishes identically, we have r(V,L*) > 3;

(g) For every B € K* and every finite subset S of My containing all
infinite places, (11.7) has only finitely many solutions.

Condition (f) is obviously weaker than (e). Theorem 15 implies, in
an ineffective form, all the above-mentioned finiteness results for decom-
posable form equations (cf. [24]). In [57] Mason gave an analogous result
for decomposable form equations over function fields which he derived
from his own effective analogue of Corollary 1.2 over function fields.
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As was pointed out in [24], Corollary 1.2 is a consequence of im-
plication (f)==(g) of Theorem 15. Indeed, let ay,...,am € K™ and
consider the unit equation

a1$1+a2$2+_.+amxm=1 in:cl,:cz,...,xm GUS (118)

with a;,z;, + ... + @i, zi, # 0 for all non-empty subsets {¢1,...,%,}
of {1,...,m}. Put F(X) = X;...Xpn(a1 Xy + ... + anXn), L* =
{Xl, oy Xm o Xh +.. .+ame} and let £ be the set of linear forms of
the type a;, Xi, +...+a; X;_ where {i1,...,%r} is a non-empty subset of
{1,...,m}. Since F(x) € Us for every solution x = (z1,...,2m) € UL
of (11.8), we have F(x) = Be™*! where 8, € € Us and S can assume
only finitely many values. This means that, with the notation x’' = x/e,
(11.8) reduces to finitely many equations of the type

Fx'Y=8 inx =(zi,...,2},) €U
with £(x') #0for all £ € L. (11.9)

It was, however, shown in [24] that these £* and £ satisfy assumption
(f) of Theorem 15. Therefore, by Theorem 15, equation (11.9) has only
finitely many solutions x'. This implies that (11.8) has indeed only
finitely many solutions. In other words, Corollary 1.2 on unit equations is
equivalent to the implication (f)==(g) of Theorem 15. This contains as a
special case the relationship observed by Siegel between Thue equations
and unit equations in two variables.

Finally, we note that Theorems 14, 15 were proved in [22], [24],
respectively, in the more general form when the ground ring is an arbi-
trary finitely generated extension ring of Z. In the proofs the authors
used Theorem 1' and the general version of Theorem 2, respectively.
Gydry’s effective results on decomposable form equations in [37], [39]
have been extended to this more general situation in [43], [44].

§12. Applications to algebraic number theory

Several diophantine problems in algebraic number theory can be
reduced to the study of the equations

DK/Q(a) =Dy ina€Og (12.1)
and

D(f) =Dy in monic polynomials feZ[X] (12.2)
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where K is now an algebraic number field of degree d > 2, D(f) and
Dk /g(a) denote the discriminant of f and «, respectively, and D, €
Z\{0}. If « satisfies (12.1) then its minimal defining polynomial over Z
satisfies (12.2). Equation (12.2) can have, however, other (not necessarily
irreducible) solutions without zeros in K. Hence (12.2) is more general
than (12.1). If « is a solution of (12.1) then so is a + a for all a € Z.
Elements a, a’ of Ok with a — o’ € Z are called Z-equivalent. Similarly,
if f is a solution of (12.2), then so is f*(X) = f(X + a) for every a € Z.
Polynomials f, f* of this kind are called Z- equivalent. By repeatedly

applying an earlier version of Theorem 4, Gydry proved, in 1973, the
following

Theorem 16 (Gyd&ry [30]). Every solution a of (12.1) is Z-equivalent
to a solution o € Ok for which

H(Ct') <<

where ¢y is an effectively computable number depending only on d, Dx
and .Do.

In other words, there are only finitely many pairwise Z- inequivalent
elements in Ok with discriminant Dp, and a full set of representatives of
such elements can be, at least in principle, effectively determined. This
finiteness assertion was independently proved in a non-effective form by
Birch and Merriman [7] in 1972.

We shall now sketch how (12.1) can be reduced to a finite system
of unit equations. Let G be the normal closure of K/Q with degree ¢
(over Q) and let oV = @, a?, ... a(¥) denote the conjugates of o with
respect to K/Q. If d > 3 then

o _ o) o) _q®

PYCY RN C) BN Y RN )

=1 fori=3,...,d. (12.3)

Further, the numbers a() — a®, o) — o) o® — o® divide Dy in
Og, whence they belong to finitely many cosets of G* with respect to
Ug. Thus (12.3) reduces indeed to finitely many unit equations in two
variables and, by Theorem 4, a®® — o, a® — () and so o — o)
can be determined up to the common factor o) — a®) which is however
determinable from (12.1), and Theorem 16 follows.

In fact Theorem 16 is an immediate consequence of Theorem 10.
Let A= {a®,...,a®} and N = |D,|?. By (12.1) we have

|Ng/q(e® —a@)| <N for1<i<j<d,
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hence the graph Gg(A, N) (cf. §10) has only isolated.vertiz:gs. Therefore
case iv) of Theorem 10 applies and the differences a(? — a9 can assume
only finitely many effectively determinable values, up to a common fac-
tor, while this common factor can be derived from (12.1).

If(12.1) is solvable then D k| Do. Denote by w the number of distinct
prime factors of Do/D¢. By means of Theorem 2 one can prove the

following

Theorem 17 (Evertse and Gyéry [23]). Equation (12.1) has at most
79(d=1)(2v+3) pairpise Z-inequivalent solutions.

We note that d < g < dl.

In view of a theorem of Minkowski d can be estimated from above
explicitly in terms of Dg. Further, (12.1) implies |Dg| < |Do|. Hence
the dependence of ¢; on d and Dk in Theorem 16 can be dropped (cf.
[30]). For irreducible polynomials f € Z[X] this implies the following

Theorem 18 (Gydry [30]). Every solution f of (12.2) is Z-equivalent
to a solution f* € Z[X] for which

deg(f*) <2,  H(f*) < cs

where cq, ¢3 are effectively computable numbers depending only on Do,
and H(f*) denotes the mazimum absolute value of the coefficients of f*.

The ‘reducible’ case can be reduced to the ‘irreducible’ one by using
the relation

k
p(F)=[]D() [[ (Res(f:fi)*

i=1 1<i<j<k

where f = []5, fi in Z[X] and Res(fi, fj) denotes the resultant of f;
and f;. We note that in Theorem 18 an upper bound for deg(f*) can
also be derived by means of Theorem 11.

Theorem 18 implies that up to Z-equivalence, there are only finitely
many monic polynomials f € Z[X] with discriminant Dy # 0 and a full
set of representatives of such polynomials can be effectively determined.
For binary forms of given degree and given non-zero discriminant, a

similar but ineffective finiteness theorem was independently proved by
Birch and Merriman [7].

‘We present one consequence of Theorems 16 and 17 here. For other
applications we refer to [32], [33], [36], [23]. As is known, there exist
algebraic number fields K having power integral bases (i.e. integral bases



S-UNIT EQUATIONS 167

of the form {1, ,...,a? !} where d = [K : Q]), but this is not the case
in general. For references to results concerning power integral bases, see
[46]. It is known that o € Ok generates a power integral basis if and
only if Dg/g(e@) = Dk. If o is a generator then so are all o' € Ok
which are Z-equivalent to a. By applying Theorem 16 with Dy = Dk,
we have

Corollary 16.1 (Gydry [32]). If {1,a,...,a%"1} is an integral basis of
K, then there is an o' € Ok which is Z-equivalent to a such that

H(Ot') < ¢4

where ¢4 13 an effectively computable number depending only on d and
Dg.

Thus, up to Z-equivalence, there are only finitely many elements in
Ok which generate a power integral basis and they can be effectively
determined. In particular, one can decide at least in principle, whether
K has a power integral basis or not.

Corollary 17.1 (Evertse and Gyéry [23]). Up to Z-equivalence there
are at most 739(4=1) ¢lements a € Ok for which {1,a,...,a%} is an
integral basis for K.

Since g < d!, this implies an upper bound depending only on d.

For explicit expressions for c; to ¢4 and for references, see Gyéry
[31], [33]. The results presented above have various generalisations; for
references see [45], [46], [23].

§13. Applications to transcendental number theory

Let g(z) = Yro, 2. Let ay,...,a, be algebraic numbers with
0 < |ai|] < 1fori =1,...,n. D. W. Masser conjectured that if a;/c;
is not a root of unity for 1 < ¢ < j < n, then g(ai),...,g(an) are
algebraically independent. Nishioka [60] used Theorem 1 to prove the
stronger assertion that under the above conditions all numbers g9 (a;)
(1 < i< n,£>0) are algebraically independent.

Nishioka generalised the above result to more general gap series f.
Let K be an algebraic number field. Let f(z) = Y jep ax2®* be a power
series with non-zero coefficients ax € K, positive convergence radius R
and increasing non-negative exponents ey satisfying

k].im (ek + log M + 1ogAk)/ek+1 =0
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where A; = max(1,[@)...,ax]) and My is a positive integer such that
Myrag, ... Myay are algebraic integers. Cijsouw and Tijdeman [10]
proved that f(a) is transcendental for any algebraic number o with
0 < Jex| < R. Bundschuh and Wylegala [8] proved the remarkable resu}t
that f(ay),...,f(as) are algebraically independent for any algebraic
numbers ay,...,a, with 0 < || < ... < |aa| < R. There are several
other papers on the algebraic independence of values of gap series, but
nobody could handle the case of «; of equal absolute values until Nish-
loka, [61] applied Theorem 1. She proved the following general result.

Theorem 19. Let ay,...,a, be algebraic numbers with 0 < |a;| < 1
for 2 =1,...,n. Then the following three properties are equivalent.
(1) The numbers fO(a;) (1 < i< n, L >0) are algebraically dependent
over the rationals.

(1) The numbers 1, f(e1), ..., f(an) are linearly dependent over the
algebraic numbers.

(i) There is a non-empty subset {i1,...,im} of {1,...,n}, a number
-y, roots of unity (1, ..., (m and algebraic numbers dy, ..., dm, not
all zero, such that

a; =(y (1<j<m) and Zdj(]‘?k =0
J=1
Sor all sufficiently large k.
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